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' In this paper, we completely classify the rational solutions of the Sasano system 

of types D^p and which are all the coupled Pm systems and have the 

affine Weyl group symmetries of types B± \ D± and D§ . The rational solutions 
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are classified as one type by the Backlund transformation group. 
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Introduction 



Paul Painleve and his colleagues [2U [3] intended to find new transcendental functions 
CNJ ■ defined by second order nonlinear differential equations. In general, nonlinear differen- 
tial equations have moving branch points. If a solution has moving branch points, it is 
^ | too complicated and is not worth considering. Therefore, they determined second order 
nonlinear differential equations with rational coefficients which have no moving branch 
points. As a result, the standard forms of such equations turned out to be given by the 



following six equations: 

Pi : y" = Qy 2 + t 

Pa : y" = 2y 3 + ty + a 



Pm : y" = -(y') 2 -jy' + ^ + (3) + iy 3 + - 

y t t y 

Piv : y"=hy') 2 + 3 7;y 3 + 4ty 2 + 2(t>-a)y+P 

2 y 

Py ■ y = [tt + — t )(y) ~ iy + — ^ — [ay + - ) + -y + o- 



2y y — 1 J t t 2 \ y J t y — 1 

2 \y y-l y-tj \t t-l y-tj 

y(y- l)(y-t) ( n t t-l t(t 



t 2 (t _ 1)2 y <y2 '( y _l)2 (y-ty 



where ' = d/dt and a, (3, 7, 5 are all complex parameters. 
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While generic solutions of the Painleve equations are "new transcendental functions," 
there are special solutions which are expressible in terms of rational, algebraic or classical 
special functions. Especially, the rational solutions of Pj (J = II, III, IV, V, VI) were 
classified by Yablonski and Vorobev [SUES], Gromak [Sill], Murata [EJUS], Kitaev, Law 
and McLeod [5J, Mazzoco [33], and Yuang and Li [53]. Especially, Murata [T5] classified 
the rational solutions of the second and fourth Painleve equations by using the Backhand 
transformations, which transform a solution into another solution of the same equation 
with different parameters. 

Pj (J = II, III, IV, V, VI) have the Backlund transformation group. It was shown 
by Okamoto [2"U| |2"T| |2"2"| |2"5] that the Backlund transformation groups of the Painleve 
equations except for Pi are isomorphic to the extended affine Weyl groups. For 
Pii,Piii,Piv,Pv, and Pyi, the Backlund transformation groups correspond to A^\ 
4 1} ®^x \ A*p, and D£\ respectively. 

Many fourth order Painleve type equations have now been found. The examples are 
the Noumi and Yamada systems, Sasano systems, Fuji and Suzuki systems, etc. Our aim 
is to classify the rational solutions of all the fourth order Painleve type equations. For 
this purpose, we will mainly use the residue calculus of their solutions and Hamiltonians. 

Noumi and Yamada [TS] discovered the equations of type A^ (I > 2), whose Backlund 
transformation group is isomorphic to the extended affine Weyl group W(Af ] ). The 
Noumi and Yamada systems of types A^ and Ag correspond to the fourth and fifth 
Painleve equations, respectively. Furthermore, we |S] classified the rational solutions of 
the Noumi and Yamada systems of types A± and A^\ which are fourth order versions 
of the fourth and fifth Painleve equations, respectively. 

Sasano [26] 127] obtained the coupled Painleve III, V and VI systems from a higher 
dimensional generalization of Okamoto's space of initial conditions, which have the affine 
Weyl group symmetries of types B±, and D@ , and are called the Sasano systems 
of types B± \ D5 and Dg , respectively. Moreover, he [281 I2S1 ESS HD] obtained the 
equations of many different affine Weyl group symmetries, which are all called the Sasano 
systems. Especially, for the Sasano systems of types B± , and Df \ see [2S1E7]. We 
[HI QUI CHI EE2] classified the rational solutions of the Sasano systems of types Af\ Af\ 
and Df\ 

Fuji and Suzuki [1]|2] obtained the equation of type A^ from a similarity reduction of 
the Drinfel'd-Sokolov hierarchy, which is called the Fuji and Suzuki system of type A§ . 
Moreover, the Noumi and Yamada system of type A§ is expected to be obtained from 
the degeneration of the Fuji and Suzuki system of type A^\ 

Following Oshima's [19J classification of the irreducible Fuchsian equation with four 
accessory parameters, Sakai [25] obtained four "source" equations of all the fourth order 
Painleve type equations, that is, the well-known Gamier system with two variables, the 
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Fuji and Suzuki system of type the Sasano system of type D^' , and a new one. 

Therefore, the Sasano system of type is obtained from the isomonodromic defor- 
mations of the Fuchsian type, which implies that from Miwa's theorem [14], the system 
has the Painleve property. Therefore, any other Sasano system, including the Sasano 



(i) 



systems of types B± , D± and D^' , is expected to be obtained by the degeneration from 



)(2) 



the Sasano system of type and have the Painleve property. 

In this paper, we first classify the rational solutions of the Sasano system of type B 
which is defined by 



(i) 

4 5 



Bl (a/)o<j<4 < 



tx' -■ 

ty'- 

tz' -- 
tw' 



2x 2 y - x 2 + (1 - 2a 2 - 2a 3 - 2a A )x + 2a 3 z + 2z 2 w + t, 
—2xy 2 + 2xy — (1 — 2a 2 — 2a 3 — 2a A )y + ai, 
2z 2 w - z 2 + (1 - 2a A )z + 2yz 2 + t, 
- —2zw 2 + 2zw — (1 — 2a A )w — 2a 3 y — Ayzw + a 3 , 



cto + ai + 2a 2 + 2a 3 + 2a 4 = 1. 
This system of ordinary differential equations is also expressed by the Hamiltonian system: 



dx 
t— 
dt 



OH a) 



4 

dt 



dH (i) 



dy dt dx 

where the Hamiltonian H is given by 



dz 
~dt 



OH (i) 
dw 



dw 
t— 
dt 



dH 



B 



(i) 



dz 



~-x 2 y{y 



x{(l — 2a 2 — 2a 3 — 2a A )y — a\\ + ty 



+z 2 w(w — 1) + z{(l — 2a^)w — 0:3} 
Our main theorem is as follows. 



+ tw + 2yz{zw + a 3 ). 



Theorem 0.1. For a rational solution of B± (cx.j)o<j<4, by some Backlund transforma- 
tions, the solution and parameters can be transformed so that 

x = 0, y = 1/2, z = l/{2a 4 } • t, w = and a — a.\ = 0, a 3 + a 4 = 0, a 4 7^ 0, respectively. 

Moreover, for B A (a.j)o<j<4, there exists a rational solution if and only if the param- 
eters satisfy one of the following conditions: 



(1) 
(2) 
(3) 
(4) 
(5) 
(6) 



ojo — 0:1 G Z 
a - ai £ Z 
a + «i G Z 
a + «i G Z 
ojo — «i G Z 
2a 3 G Z, 



2a 3 + 2a 4 G Z, 
2a 4 G Z, 
2a 3 + 2a 4 G Z, 
2a 4 G Z, 
a + di G Z, 
2a 4 G Z, 
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ao — oil = 2a 3 + 2a 4 
a — a 4 = 2a 4 
ao + ai = 2a 3 + 2a 4 
«o + ai = 2« 4 
ao — «i ^ «o + «i 
2a 3 = 1 



mod 2, 
mod 2, 
mod 2, 
mod 2, 
mod 2, 
mod 2. 



In order to explain the method to prove our main theorem, let us define the coefficients 
of the Laurent series of (x, y, z, w) at t — oo, 0, c G C* by 



Ooo.fc, o ,fc, a Cj fc (A; € Z), Ooo,fc, &o,fc, ^c,fc € Z), 

c oo,fc, C 0) fc, C Ci fe (fe G Z), G?oo,fc, ^0,fc; ^c,fe (k G Z). 

For example, if x, y, 2, iy all have a pole at t — oo, we define 

^oo,no^ ° ^oo,no— 1^ ° ~t~ ' ' ' ~t~ Oqq^o "I - ttoo,— 1^ ~t~ ' ' ' 5 
y = Wl*"' + ftocm-lt" 1 " 1 + • • • + &oc,0 + ^oo,-!^ 1 + • • • , 
^ Coo,n2^ "I - ^00,712— 1^ "I - ' ' ' "I - Coo,0 "I - Cgo,— 1^ -|- • • • , 

doo t n^t 3 "I - Coo^g—it 3 -|- • • • + <^oo,0 "I - doQ^it + • • • , 

where no, ni, ri2, n3 are all positive integers and aoo,no^oo,niCoo,n2^oo,n 3 7^ 0. Moreover, 
we define the coefficients of the Laurent series of H (i) at t = 00, 0, c G C* by 

hoo,k, h ,k, h c>k (k G Z), respectively. 

This paper is organized as follows. In Section 1, for B^\aj)o<j<4, we determine 
the meromorphic solutions near t = 00 and prove that for a meromorphic solution near 
t = 00, z has a pole of order n (n > 1) at t — 00 and x, y, u> are all holomorphic at t — 00. 
Furthermore, we find that o Mi o — ao — a±. 

In Section 2, for -B^^a^cKjX/t, we deal with the meromorphic solutions near t — 
and find that a^o = 0, — ol\. 

In Section 3, for B^\aj)o<j<4, we treat the meromorphic solutions near t = c G C* 
and show that for a rational solution of B^\aj)o<j<4, Ooo.o — ao,o G Z. 

In Section 4, for a meromorphic solution of B^\aj)o<j<4 near t = oo,0,c G C*, 
we study the Hamiltonian H B (i) and compute h^^, /i ,o, /i Ci _i, where /ioo,o? ^0,0 are both 
expressed by the parameters and fo c ,-i is n c (n G Z). Therefore, we find that for a rational 
solution of i?4 1 ' ) (aj)o<j<4, the parameters satisfy /i^o — ^0,0 £ Z. 

In Section 5, we define the Backlund transformations, so, Si, S2, S3, S4, 7Ti, 7r 2 and 
investigate their properties. 

In Section 6, we treat the infinite solutions, that is, solutions such that some of x, y, z, w 
are identically equal to 00. 

In Section 7, we treat a rational solution such that z has a pole of order one at t = 00 
and obtain the necessary conditions for B^\aj)o<j<4 to have such rational solutions. For 
this purpose, we use the formulas, 000,0 — ao,o G Z and /i^o — ^0,0 G Z. 

In Section 8, we deal with a rational solution such that z has a pole of order n (n > 2) 
at £ = 00 and obtain necessary conditions for B^\aj)o<j<4 to have such rational solutions. 
For this purpose, we mainly use the formula, a^o — ao,o £ Z. 

4 



In Section 9, we summarize the necessary conditions in Sections 7 and 8 and transform 
the parameters so that either of the following occurs: 

I : cto — cxi = 0, 0:3 + a 4 = 0, a 4 ^ 0, II : ao — ati = 0, 0:3 + a 4 = 1/2. 

In this paper, cases I and II are called the standard forms I and II, respectively. For the 
standard form I, we determine the rational solution of Corollary 11.231 in Section 1. 

In Section 10, we treat the standard form II. We then transform the parameters so 
that either of the following occurs: 

(1) a — «i = 0, a 3 + ct 4 = 0, a 4 7^ 0, (2) a — «i = a 2 = 0, a 3 + a 4 = 1/2. 

In Section 11, we deal with the case where a — «i = a 2 = 0, a 3 + ct 4 = 1/2. We then 
transform the parameters so that either of the following occurs: 

(1) cto — 0:1 = 0, «3 + a 4 = 0, a 4 7^ 0, (2) «o = «i = a 2 = «3 = 0, a 4 = 1/2. 

In Section 12, we prove that for 1^(0, 0, 0, 0, 1/2), there exists no rational solution. 
In Section 13, we prove our main theorem. 

In the appendix, following Sasano [28], we introduce the Sasano systems of types 
and and show that the Sasano systems of types B± , D4 and Dg are all equivalent 
by birational transformations. Using Theorem 10.11 we classify the rational solutions of 
the Sasano systems of types and Df\ 

1 Meromorphic solutions at t = oo 

In this section, we determine the meromorphic solution at t = 00. 

1.1 The case where x,y,z,w are all holomorphic at t = 00 

In this subsection, we deal with the case where x, y, z, w are all holomorphic at t — 00. 

Proposition 1.1. For -B 4 1 ' ) (aj)o<j<4, there exists no solution such that x,y,z,w are all 
holomorphic at t = 00. 

Proof. Comparing the coefficients of the term t in 

tx' = 2x 2 y — x 2 + (1 — 2a 2 — 2a 3 — 2a 4 )x + 2a 3 z + 2z 2 w + t, 
we can prove the proposition. □ 
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1.2 The case where one of (x, y, z, w) has a pole at t = oo 

In this subsection, we deal with the case in which one of (x, y, z, w) has a pole at t = oo 
and consider the following four cases: 

(1) x has a pole at t = oo and y, z, w are all holomorphic at t — oo, 

(2) y has a pole at t = oo and x, z, w are all holomorphic at t — oo, 

(3) z has a pole at t = oo and x, y, w are all holomorphic at t — oo, 

(4) w has a pole at t = oo and x, y, z are all holomorphic at t — oo. 

1.2.1 The case where x has a pole at t = oo 

Proposition 1.2. For -B| 1 ' ) (Q;j)o<i<4, t/iere eaxste no solution such that x has a pole at 
t = oo and y, z, u> are all holomorphic at t = oo. 

Proof. Suppose that B^\aj)o<j<4 has such s solution. We then note that n > 1, 
ni,n 2 ,n 3 < and aoo ino 7^ 0. Comparing the coefficients of the term t 2n ° in 

tx = 2x 2 y - x 2 + (1 - 2a 2 - 2a 3 - 2a 4 )x + 2a 3 z + 2z 2 w + t, 

we have = 20^,^600,0 — °L,n ' which implies that 600,0 = 1/2. 

On the other hand, by comparing the coefficients of the term t n ° in 

ty = —2xy 2 + 2xy — (1 — 2a 2 — 2a 3 — 2a 4 )t/ + ai, 

we obtain = — 2a OOyn0 b 2 oo o + 2a 00irio 6 00i o, which implies that 600,0 = 0, 1. This is impossible. 

□ 



1.2.2 The case where y has a pole at t = 00 

Lemma 1.3. Suppose that for B^\aj)o<j<4, there exists a meromorphic solution near 
t = 00 such that y has a pole of order n(n> 1) at t = 00 and x is holomorphic at t = 00. 
Then, 

- - - _n _ -w - a - ai 

^00,0 Ooo, — 1 ' ^oo, — (n— 1) U, O 00 _ n , Ooo,ri 7^ U, 

^Ooo jra 

which implies that 

2a 3 z + 2z 2 w + t = tx' - {2x 2 y - x 2 + (1 - 2a 2 - 2a 3 - 2a 4 )x} = 0(t _1 ). 
Proof. Substituting the Laurent series of x, y at t = oo in 

ty' = —2xy 2 + 2xy — (1 — 2a 2 ~ 2a 3 — 2a 4 )y + cti, 
we can obtain the lemma. 



□ 
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By Lemma ll.3[ we can easily prove the following proposition: 

Proposition 1.4. For (a_j)o<j<4, there exists no solution such that y has a pole at 
t = oo and x, z, w are all holomorphic at t = oo. 

1.2.3 The case where z has a pole at t = oo 

Proposition 1.5. Suppose that for B^\a>j)o<j<4, there exists a solution such that z has 
a pole of order n (n > 1) at t = oo and x, y, w are all holomorphic at t = oo. 
(1) Ifn > 2, then 

( , v {(n - 1) + 2a 2 + 2a 3 + 2a 4 }{(n - 1) + 2a 3 + 2a 4 L_ n 

X = (QJq ~ a l) 1 + ■ • • , 



_ 1 - 1) + 2o 3 + 2a 4 

J ~ 2 2c ' 

^ ^ '-'00,71 

^ Coo,nt ~\~ Coo,n—lt ~\~ ' ' ' j 



(2) Ifn — 1, then a 4 ^ and 



x = (a — «i) — 2a 4 (2a 2 + 2a 3 + 2a 4 )(2a 3 + 2a 4 )t 1 • • • , 

y = I + 2a 4 (a 3 + a A )t~ l H , 

\ 

z = 1 H , 

2a 4 

w = — 2a 4 (a 3 + a 4 )t _1 + • • • . 
Proof. It can be proved by direct calculation. □ 



From Proposition ll.5[ let us consider the relationship between case (1) and the 
Backhand transformation, s 3 . 

Corollary 1.6. Suppose that for 5 4 (aj)o<j<4, there exists a solution such that z has a 
pole of order n (n > 2) at t = oo and x,y,w are all holomorphic at t = oo. Moreover, 
assume that a 3 ^ 0. s 3 (x, y, z, w) is then a solution of B± (a , a\, ot% + o 3 , — ac 3 , o 4 + a 3 ) 
such that z has a pole of order one at t = oo and x, y, w are all holomorphic at t = oo. 

Proof. By direct calculation, we find that s 3 (x,y, z,w) is a solution of B± (a > a i, a 2 + 
a 3 , — «3, o 4 + o 3 ) such that s 3 (z) has a pole of order m (1 < m < n — 1) at t = oo and all 
of s 3 (x,y,w) are holomorphic at t = oo. 
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We assume that Ss(z) has a pole of order m (2 < m < n — 1) at £ = oo and show a 
contradiction. By the definition of S3, we see that s^w) = —a 3 /c 00tn t~ n + • ■ ■ . On the 
other hand, we observe that 

8*W = ^rrT + ■ ■ ■ , S S (W) = -(-« 3 ) / ^JT™ + ' " " ■ 

It then follows that 

s 3 (w) = -a 3 /coo,nt" n + • • • = -{-a^)M O0 , m T m + ■■■ , 
which is a contradiction. 

□ 

By Corollary 11.61 we can obtain the necessary conditions for B^\aj)o<j<4 to have a 
solution such that z has a pole of order n (n > 2) at t = 00. 

Corollary 1.7. Suppose that for -B4 (%)o<y<4) ^ere exists a solution such that z has a 
pole of order n (n > 2) at t = 00 and x,y,w are all holomorphic at t = 00. One of the 
following then occurs: (1) 0J4 = 0, (2) «o = «i = «2 = «3 = 0, 0J4 = 1/2. 

Proof. Let us first prove that 04 = if 03 7^ 0. For this purpose, we note that s 3 (x, y, z, w) 
is a solution of B^\a , cti, a 2 + 03, —03, ct 4 + a 3 ) such that s 3 (z) has a pole of order one 
at t = 00 and all of s 3 (x,y,w) are holomorphic at i = 00. By direct calculation and 
Proposition 11.5} we then see that a 4 + a 3 7^ and 

-«3/coo,n • t~ n H = s 3 (w) = -2(a 4 + a 3 )a4t _1 H , 

which implies that a 4 = 0. 

Let us show that a 4 = if a 3 = and a 2 7^ 0. For this purpose, we note that 
s 2 (x, z, w) is a solution of (a + «2, «i + «2, — «2, «2, 0^4) such that s 2 (z) has a pole 
of order n at t = 00 and all of s 2 (x, y, w) are holomorphic at t — 00. Based on the above 
discussion, it then follows that = 

If a 2 = a 3 = and a 7^ 0, or if a 2 = a 3 = and a,\ 7^ 0, we can show that a 4 = by 
using s or si. 

The remaining case is that ao = ct\ = a 2 = a 3 = and 04 = 1/2, which proves the 
corollary. 

□ 

Let us treat the case where z has a pole of order one at t — 00. 

Proposition 1.8. Suppose that for B± (atj)o<j<4: there exists a solution such that z has 
a pole of order one at t = 00 and x, y, w are holomorphic at t = 00. It is then unique. 
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Proof. Let us prove that the coefficients 000,-2, 600,-2, £00,0, <ioo,-2 are uniquely determined. 
The coefficients, &oo,-jfc> c oo,-(/c-2), o'oo-fe (& = 3, 4, . . .) can be computed in the same 

way. 

Comparing the constant terms in 

tx' = 2x 2 y — x 2 + (1 — 2a 2 — 2a 3 — 2a 4 )x + 2a 3 z + 2z 2 w + t, 

we have 

dao-2 = 1/ {2f4,i} " {( 2a 3 + 4^4)000,0 - (a + 01)000,0}, (1.1) 

where 000,0, Coo,i both have been determined. Comparing the coefficients of the term t~ 2 
in 

ty' = —2xy 2 + 2xy — (1 — 2a 2 — 2a 3 — 2a^)y + a%, 

we obtain 

000,-2 = 2(a + Qti - 2)600,-2 + 4a oo , 6^ O) _ 1 , (1.2) 
where 600,-1 has been determined. Comparing the constant terms in 

tz' = 2z 2 w - z 2 + (1 - 2a 4 )z + 2yz 2 + t, 

we have 600,-2 + 000,-2 = l/{2c^o x } • {(2«4 — l)coo,o}, which implies that 

600-2 = 1/ {2c4 J ■ {(-2a 3 - 2a A - l)coo, + («o + "1)000,0}- (1.3) 

Moreover, comparing the coefficients of the term t~ 2 in 

tw' = —2zw 2 + 2zw — (1 — 2ct4)w — 2a 3 y — Ayzw + a 3 , 

we obtain 

2coo,odoo,-i + (! + 2a 4 )c?oo,-2 + (2a 3 + 4a 4 )6oo,-2- (1.4) 
From dTTJ), CL3D and (O]) . we have 

Coo,o = ("o + tti)(«o - tti)(«o + «i + 2a 2 )/4a4, 
which determines 000,-2, 600, -2, ^00,-2- d 

1.2.4 The case where w has a pole at t = 00 

Proposition 1.9. For B^\aj)o<j<4, there exists no solution such that w has a pole at 
t = 00 and x, y, z are holomorphic at t = 00. 

Proof. It can be proved in the same way as Proposition 11.41 

□ 
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1.3 The case where two of (x, y, z, w) have a pole at t = oo 

In this subsection, we consider the following four cases: 

(1) x, y have a pole at t = oo and z, w are holomorphic at t — oo, 

(2) x, z have a pole at t = oo and y, w are holomorphic at t — oo, 

(3) x, w have a pole at t = oo and y, z are holomorphic at t — oo, 

(4) y, z have a pole at t = oo and x, w are holomorphic at t = oo, 

(5) y, w have a pole at t = oo and x, z are holomorphic at t — oo, 

(6) z, w have a pole at t = oo and x, y are holomorphic at t — oo. 

1.3.1 The case where x,y have a pole at t = oo 

Proposition 1.10. For B^\aij) <j<4, there exists no solution such that x,y have a pole 
at t = oo and z, w are holomorphic at t = oo. 

Proof. Suppose that B^\aj)o<j<4 has such a solution. We then note that no,ni > 1, 
n 1 ,n 2 < and aoo^b^^ ^ 0. 

On the other hand, comparing the coefficients of the term t no+2ni in 

ty' = —2xy 2 + 2xy — (1 — 2a 2 — 2a 3 — 2a 4 )y + cti, 

we have = — 2a oo ^ n0 b 2 oo ni , which is impossible. □ 

1.3.2 The case where x, z have a pole at t = oo 

Proposition 1.11. For B^\aj) <j<4, there exists no solution such that x,z have a pole 
at t = oo and y, w are holomorphic at t = oo. 

Proof. Suppose that B ( ^ \aj) <j<4 : has such a solution. We then note that n ,n 2 > 1, 
ni,n 3 < 0, and a^^^c^^ ^ 0. 

Comparing the coefficients of the term t 2n ' 2 and t n ' 2 in 

tz' = 2z 2 w - z 2 + (1 - 2a 4 )z + 2yz 2 + t, 
tw' = —2zw 2 + 2zw — (1 — 2a 4 )u> — 2a^y — 4yzw + a^, 

we have 600,0 + c?oo,o = 1/2 and — 2d 2 K}0 + 2d OQ $ — 4600^0^00,0 = 0, which implies that 

6oo,0 = 1/2, G?oo,0 — 0. 

On the other hand, comparing the coefficients of the term t n ° in 

ty' = -2xy 2 + 2xy - (1 - 2a 2 - 2a 3 - 2a 4 )y + cci, 

we have = — 2a OQt n Vl b 2 O0 + 2aoo,n ^oo,o, which implies that 600,0 = 0, 1. This is impossible. 

□ 
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1.3.3 The case where x,w have a pole at t = oo 

Proposition 1.12. For B^\aj)o<j<4, there exists no solution such that x,w have a pole 
at t = oo and y, z are holomorphic at t = oo. 

Proof. It can be proved in the same way as Proposition 11.41 



1.3.4 The case where y, z have a pole at t = oo 

Proposition 1.13. For B^\aj)o<j<4, there exists no solution such thaty,z have a pole 
at t = oo and x, w are holomorphic at t = oo. 

Proof. Suppose that B± (aj)o<j<4 has such a solution. We then note that ni,n 2 > 1, 
n ,n 2 < 0, and &oo,m , Coo,n 2 7^ °- 

Comparing the coefficients of the term t n i+ 2n 2 j n 



1.3.5 The case where y, w have a pole at t = oo 
By Lemma 11.31 we obtain the following lemma: 

Lemma 1.14. Suppose that for -B| 1 ' ) (a :) ')o<i<4, there exists a solution such thaty,w both 
have a pole at t = oo and x, z are both holomorphic at t = oo. w then has a pole of order 
n 3 at t = oo, where n 3 is an odd number and n 3 > 3. 

By Lemma 11.141 we can prove the following proposition: 

Proposition 1.15. For B^\aj) <j< 4 , there exists no solution such thaty,w both have a 
pole at t = oo and x, z are both holomorphic at t = oo. 

Proof. Let us assume that w has a pole of order 713 = 3 at t = 00. If = 5, 7, 9, . . . , the 
proposition can be proved in the same way. 

By Lemma 11.31 we find that 2z 2 w + t = C^r 1 ) and Coo , = 0, 2c^ _ 1 d 00>3 + 1 = 0, 
which implies that c^-i 7^ 0. By considering that 

tz' = 2z 2 w - z 2 + (1 - 2a 4 )z + 2yz 2 + t, 

we then observe that y has a pole of order n\ = 1, 2 at t = 00. Thus, comparing the 
coefficients of the term t 5 in 



□ 



we have = 2b, 




tz' = 2z 2 w - z 2 + (1 - 2a 4 )z + 2yz 2 + t, 
, which is impossible. 



□ 



tw' = —2zw 2 + 2zw 



(1 — 2ct 4 )w; — 2a 3 y — Ayzw + a 3 , 



we see that —2c, 



oo,-l«oo,3 



1 1 . which is impossible. 



□ 



11 



1.3.6 The case where z,w have a pole at t = oo 

Proposition 1.16. For B^\aj)o<j<4, there exists no solution such that z,w both have a 
pole at t = oo and x, y are both holomorphic at t = oo. 

Proof. B^\aj)o<j<4 has such a solution. We then note that n2,n 3 > 1, no,ni < 0, and 

Coo, no ; ^oo,n3 7^ 0" 

Comparing the coefficients of the term t 2n ' 2+n3 in 

tz' = 2z 2 w - z 2 + (1 - 2a 4 )^ + 2yz 2 + t, 
we have = 2c^, rfoo,n 3 , which is impossible. □ 

1.4 The case where three of (x, y, 2, w;) have a pole at £ = oo 

In this subsection, we consider the following four cases: 

(1) x, y, z all have a pole at t = oo and w is holomorphic at t — oo, 

(2) x, y, w all have a pole at t = oo and z is holomorphic at t — oo, 

(3) x, z, w all have a pole at £ = oo and y is holomorphic at t — oo, 

(4) y, z, w all have a pole at t = oo and x is holomorphic at £ = oo. 

1.4.1 The case where x,y,z have a pole at t = oo 

Proposition 1.17. For B^\aj)o<j<4, there exists no solution such thatx,y,z all have a 
pole at t = oo and w is holomorphic at t = oo. 

Proof. It can be easily checked. 

□ 

1.4.2 The case where x,y,w have a pole at t = oo 

Proposition 1.18. For B^\aj)o<j<4, there exists no solution such that x,y,w all have 
a pole at t = oo and z is holomorphic at t = oo. 

Proof. It can be easily checked. 

□ 

1.4.3 The case where x, z,w have a pole at t = oo 

Proposition 1.19. For B^\aj)o<j<4, there exists no solution such that x,z,w all have 
a pole at t = oo and y is holomorphic at t = oo. 

Proof. It can be easily checked. 



□ 
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1.4.4 The case where y,z,w have a pole at t = oo 

Proposition 1.20. For B^\aj)o<j<A, there exists no solution such that y,z,w all have 
a pole at t = oo and x is holomorphic at t = oo. 



Proof. It can be easily checked. 



□ 



1.5 The case where all of (x, y, z, w) have a pole at t = oo 

Proposition 1.21. For B^\aj) <j< 4 , there exists no solution such that all of (x,y, z,w) 
have a pole at t = oo. 



Proof. It can be easily checked. 



□ 



1.6 Summary 

Let us summarize the results in this section. 

Proposition 1.22. Suppose that for B^\aj)o<j< 4 , there exists a meromorphic solution 
at t = oo. z then has a pole of order n (n > 1) at t = oo and all of x, y, w are holomorphic 
at t = oo. 

(1) Ifn>2, then 

{(n-1) + 2a 2 + 2a 3 + 2a 4 }{(n-l) + 2a 3 + 2a 4 } 

X — {OiQ — Ct\) — 1 -\- ■ ■ ■ , 

_ 1 (n- 1) + 2^3 + 2^4 , - n 

y ~ 2 2c ' ' ' ' 



W 



a 3 



,n , f n-l , 



■t~ n + 



and either of the following occurs: (i) a 4 = 0, (ii) ao = a\ = a 2 = a 3 = 0, 0:4 = 1/2. 
(2) If n — 1, then a 4 7^ and x, y, z, w are uniquely expanded as follows: 



x 



(a — aii) — 2a 4 (2a 2 + 20:3 + 2a 4 )(2o;3 + 2a 4 )t 1 



y = - + 2a 4 {a 3 + a 4 )t 1 + 

z-—t 
2a 4 

w = — 2q; 4 (q;3 + a 4 )t _1 + • • 
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By the uniqueness, we can determine the rational solutions of B\ (aj)o<j<4 if a — a.\ = 
0, a 3 + ct 4 = and a 4 7^ 0. 

Corollary 1.23. If a — oi = 0, a 3 + a 4 = and a 4 7^ 0, inen /or 5 4 (a J ) < ;? <4, taere 
exists a rational solution such that 

x = 0, y = 1/2, z = 1/(204) • t, w = 0, 

and it is unique. 

Proof. The corollary follows from the direct calculation and Proposition 11.221 

□ 



2 Meromorphic solutions at t = 

In this section, we treat the meromorphic solutions near t = 0. We then obtain the 
following proposition in the same way as Proposition 11.221 

Proposition 2.1. Suppose that for ^4 (%)o</<4> #&ere exists a meromorphic solution at 
t = 0. One 0/ £/ie following then occurs: 

(1) x, y, 2, to are a// holomorphic at t = 0, 

(2) 2 aas a po/e of order n (n > 1) at t = and x, y, w are all holomorphic at t = 0, 

(3) u> 6o£/i nai>e a po/e at t = and x, 2 are frotn holomorphic at t = 0. 



2.1 The case where x,y,z,w are all holomorphic at £ = 



(!) , 



Oj)o<i<4) ^ere exists a solution such that 
0, «o — Oi- 



Proposition 2.2. Suppose that for B 
x,y,z,w are all holomorphic at t = 0. Then, ao,o 

Proof. Comparing the constant terms in 

( tx' = 2x 2 y - x 2 + (1 - 2a 2 - 2a 3 - 2a 4 )x + 2a 3 z + 2z 2 w + t, 
ty' = —2xy 2 + 2xy — (1 — 2a 2 — 2a 3 — 2a 4 )y + 01, 
te' = 2z 2 w - z 2 + (1 - 2o 4 )z + 2yz 2 + t, 



£w/ = —2zw 2 + 2zw — (1 — 2a 4 )u> — 2ct 3 y — Ayzw + 03, 



we have 
2a 



0,0^0,0 



+ (1 - 2« 2 



2ao,o^o + 2ao,o^o,o 



2a 3 - 2a 4 )a ,o + 2a 3 c , + 2cjj )0 d 0) o 
- 2a 2 — 2a 3 — 2a 4 )&o,o + 01 = 0, 



2co do,o ~~ c o,o + (1 — 2ot4)co ( Q + 26 ,o c o,o ~~ 0' 
- 2c , do i0 + 2c ,od ,o - (1 - 2a 4 )d 0i0 - 2a 3 6 ,o - 46 ,oCo,odo,o + "3 
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0. 



(2.1) 
(2.2) 
(2.3) 
(2.4) 



respectively. From (12 .ip and (12.21) . we see that 

a o,o^o,o + 2a 3 &o,o c o,o + 2&o,o c o,o^o,o + a i a o,o- (2-5) 
From ([23D and (J23D, we find that 

c o,o^o,o - 2a 3 fro,oCo,o - 2b 0fi cl fi d 0fi + o 3 c ,o = 0. (2.6) 
From (12.51) and (12.61) . we then have 

a o,oVo + "i a o,o + Co i0 do,o + «3Co,o = 0. (2.7) 
By (J2HJ and (J23|), we obtain 

ao,o {ao,o - ("o - «i)} = 0, (2.8) 
which implies that ao.o = 0, oq — ci\. 

□ 

2.1.1 The case where a 0j o = 
Let us assume that ao,o = 

Proposition 2.3. Suppose that for B^\aj)o<j<4, there exists a solution such that 
x, y, z, w are all holomorphic at t = 0. Moreover, assume that ao,o — 0. One of the follow- 
ing then occurs: 

(1) a = ai = and a ,o = c , = 0, 2a 3 6 ,o + (2a 2 + 2a 3 )d ,o = a 3 , 

(2) a = ai = and a ,o = 0, c ,od ,o = -«3, 2a 3 6 ,o - 2a 2 d ,o = «3, 

(3) « = «i 7^ 0, a 4 = 1/2 and a ,o = 0, &o,o — 1/2? c ,o = 0, 

(4) a + «i ^ 0, a 3 = 0, a 4 = 1/2 and a 0i0 = 0, b 0fi = «i/ ("o + c ,o = 0, 

(5) a + «i 7^ 0, a 4 7^ 1/2 and 

ao,o = 0, & ,o = ai/(a + «i), c ,o = 0, d 0>0 = -oc 3 (a - ai)/{(2a 4 - l)(a + «i)}, 

(6) a = «i 7^ 0, a 3 + a 4 = 1/2 and a , = 0, 6 ,o = V 2 , c ,od ,o = -«3, 

(7) cto + o.\ 7^ 0, cto — ai 7^ 0, and 

a _ Q fe _ Qi\ c _ («o + - 2o 3 - 2o 4 ) Q ^ a; 3 (a - a x ) 

(ofo + ai)' ' (a — ai) X 1 (a + «i)(l - 2a 3 - 2a 4 ) 

Proof. It can be easily checked. 

□ 
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2.1.2 The case where a ,o = «o — a i 7^ 

Let us treat the case in which ao,o = oo — ®i 7^ 0. We first obtain the following proposition: 

Proposition 2.4. Suppose that for -B 4 (%)o<i<4; ^aere exists a solution such that all of 
(x,y,z,w) are holomorphic at t = 0. Moreover, assume that a ,o = «o - «i ^ 0. Taen, 
& ,o = 1/2, -ai/(a - o a ). 

Proof. Substituting ao,o = «o — ct\ in (I2.2p . we can obtain 6 ,o = 1/2, — a.\j{a,Q — a\). 

□ 

Let us deal with the case where ao,o = «o — «i 7^ 0, 60,0 = 1/2. 

Proposition 2.5. Suppose that for S 4 (ay)o<./<4, there exists a solution such that all 
of (x, y, z, w) are holomorphic at t = 0. Moreover, assume that ao,o = ao — 01 7^ and 
bo.o = 1/2. One of the following then occurs: 

(1) a + «i = 0, a 4 = 1/2 and a ,o = «o — «i 7^ 0, 6 ,o = 1/2, c 0; o = 0, 

(2) a + «i = and a ,o = «o - «i 0, 6 ,o = 1/2, c 0j o = d 0) o = 0, 

(3) ao + «i = ct2 = 0, a 3 + 04 = 1/2 and 



«o,o = o - "l 7^ 0, & ,o = 1/2, c ,o 7^ 0, d ,o = (2o 4 - l)/{2c , }, 

(4) a 3 + a 4 7^ 1/2 and 

1 _ (a + aci)(a - ai) , , (1 - 2a 4 )(l - 2a 3 - 2a 4 ) 

«o,o — o>o—a\, Oo,o — — , Cq,o — — z ^ ~ T u , «o,o 



2' ' 1 — 2« 3 — 2a 4 ' 2(a + ai)(a — «i) 

Proof. It can be easily checked. 

□ 

Let us treat the case where a ,o = ao — 01 7^ 0, 60,0 7^ 1/2. 

Proposition 2.6. Suppose that for B^ (&j)o<j<4, there exists a solution such that all 
of (x, y, z, w) are holomorphic at t = 0. Moreover, assume that a ,o = cto — 01 7^ and 
6 ,o = —0:1/(0:0 — 01) 7^ 1/2, which implies that « + ai / 0. One of the following then 
occurs: 

(1) a 3 = 0, a 4 = 1/2 and a 0) o = o — a.\ 7^ 0, 60,0 = ~ a i/( a o ~ Oi), 00,0 = 0, 

(2) a 4 ^ 1/2 and 

00,0 = 00-0-1, 6 ,o = -oi/(a - 01), c ,o = 0, d 0i0 = o 3 (a + oi)/{(l - 2a 4 )(a - ai)}, 

(3) a 3 = and a 0i0 = a - a 1} b 0fi = -«i/ («o - «i), c , 7^ 0, d 0i0 = 0, 

(4) a 3 7^ and 

-01 _ (a - oi)(l - 2a 3 - 2a 4 ) -a 3 (a + oi 

&o,o — Oq— Oi, »o,o — , Co,o — ; t U, ao,o 



ao — Oi ' ' ao + ai (ao — oi)(l — 2a 3 — 2a 4 ) 
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Proof. It can be easily checked. 

□ 



2.2 The case where z has a pole at t = 

Proposition 2.7. Suppose that for B± '(aj)o<j<4, i/iere exists a solution such that z has 
a pole of order n (n > 1) at t = and x, y, w are all holomorphic at t = 0. Then, 

{{n + l)-2a 3 -2a A }{{n + l)-2a 2 -2a 3 -2a A \ 
x = [a — «ij 1 + • • • , 



_ 1 _ (n + 1) - 2a 3 - 2a 4 ^ w + 

Z = Co,_ n r n + Co,_(n-l)t _(n_1) + • ' 
«, = -- *Lf» + . . . . 

Proof. It can be easily checked. 



Co. 



□ 



Let us study the relationship between the solution in Proposition 12. 71 and the Backlund 
transformation, S3. 

Corollary 2.8. Suppose that for B± (%)o<i<4) there exists a solution such that z has 
a pole of order n (n > 1) at t = and x,y,w are all holomorphic at t = 0. Moreover, 
assume that a 3 7^ 0. s 3 (x, y, z, w) is then a solution of B^ (a , a\, a 2 + oc 3 , —a 3} a 4 + a 3 ) 
such that all of s 3 (x, y, z, w) are holomorphic at t = 0. 

Proof. By direct calculation, we see that s 3 (x, y, z, w) is a solution of (cto, cei, a 2 + 
a 3 , —a 3 , 0J4 + a3) such that s 3 (z) has a pole of order m (0 < m < n — 1) at i = and all 
of s 3 (x,y,w) are holomorphic at t — 0. 

We assume that s 3 (z) has a pole of order m (1 < m < n — 1) at £ = 0, and show 
contradiction. From Proposition 12.71 it follows that 

*a(*) = c' 0t _ m t- m + • ■ ■ , s 3 (w) = -{-a 3 )/d^ m t m + ■■■. 

On the other hand, by the definition of S3, we find that s 3 (w) = —a 3 /co t _ n t n + • • ■ , which 
is a contradiction. 

□ 
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2.3 The case where y, w have a pole at t = 

Let us prove the following four lemmas: 

Lemma 2.9. Suppose that for B^\aj)o<j<4, there exists a solution such thaty has a pole 
of order n (n > 1) at t = and re is holomorphic at t = 0. TTien, 

_ (n - 1) + 2a 2 + 2a 3 + 2a 4 

a 0,0 — a 0,l — • • • — Oo,(n-1) — U, do,n — ^7 , 

which implies that 

2a 3 z + 2z 2 w + t = tx' - [2x 2 y - x 2 + (1 - 2a 2 - 2a 3 - 2a 4 )x] = 0{t 2 ). 

Proof. Substituting the Laurent series of x, y at t = in 

ty = —2xy 2 + 2xy — (1 — 2a 2 — 2a 3 — 2a 4 )y + cti, 

we can prove the proposition. □ 

Lemma 2.10. Suppose that for -B^(«j)o<j<4, there exists a solution such thaty,w both 
have a pole of order ni,n 3 (ni,n 3 > 1) at t — 0, and x,z are both holomorphic at t = 0. 
n 3 is then an odd number. 

Proof. We suppose that n 3 = 2 and show a contradiction. If n 3 = 4, 6, . . . , we can prove 
the contradiction in the same way. 

Comparing the coefficients of the terms t~ 2 ,t° in 

tx = 2x 2 y - x 2 + (1 - 2a 2 - 2a 3 - 2a 4 )x + 2a 3 z + 2z 2 w + t, 
we find that co,o = co,i = 0. Furthermore, by comparing the coefficients of the term t in 

tx' = 2x 2 y - x 2 + (1 - 2a 2 - 2a 3 - 2a 4 )x + 2a 3 z + 2z 2 w + t, 

we see that = 1, which is impossible. □ 

Lemma 2.11. Suppose that for B^\oij)o<j<4, there exists a solution such thaty,w both 
have a pole of order ni,n 3 (n 1? n 3 > 1) at t — 0, and x,z are both holomorphic at t = 0. 
Moreover, assume that n 3 — 3, 5, 7, Then, n\ < n 3 . 

Proof. We treat the case where n 3 = 3. The other cases can be proved in the same way. 
Comparing the coefficients of the terms t~ 3 ,t _1 and t in 

tx' = 2x 2 y - x 2 + (1 - 2a 2 - 2a 3 - 2a A )x + 2a 3 z + 2z 2 w + t, 

we observe that co,o = co,i = and 2cq j2 c?o,- 3 + 1 = 0, which implies that co,2 ^ 0. 
Comparing the lowest terms in 

tz' = 2z 2 w - z 2 + (1 - 2a 4 )z + 2yz 2 + t, 

we find that n\ = 1, 2, 3. □ 
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Lemma 2.12. Suppose that for B^ (aj)o<j<4, there exists a solution such that y,w both 
have a pole at t = and x, z are both holomorphic at t = 0. y, w then both have a pole of 
order one at t = 0. 

Proof. We assume that n 3 = 3 and show a contradiction. If 713 = 5, 7, . . . , we can prove 
the contradiction in the same way. 

By Lemma 12.111 and its proof, we see that Co,o = Q),i = 0, 2cq 2 ^o,-3 + 1 = and 
ni = 1, 2, 3. We note that co,2 7^ 0. 

Let us first suppose that ni = 1 and n 3 = 3. By comparing the coefficients of the 
terms t in 

tz' = 2z 2 w - z 2 + (1 - 2a 4 )z + 2yz 2 + t, 

we then find that 2c\ 2 g?o,-3 + 2&o,-3Cq 2 + 1 = 0, which implies that 2&o,-3Cq 2 = 0. This is 
impossible. 

Let us suppose that n\ = 1,2 and n 3 . By comparing the coefficients of the terms t~ 4 

in 

tw' = —2zw 2 + 2zw — (1 — 2a 4 )u> — 2a 3 ?/ — 4«/zw + a 3 , 
we then observe that —200,2^0 -3 = 0> which is impossible. □ 
Let us then prove the following proposition: 

Proposition 2.13. Suppose that for (atj)o<j<4, there exists a solution such that y,w 
both have a pole at t = and x, z are both holomorphic at t = 0. Then, 0:4(0:3 + 04) 7^ 
and 

' x — a2 a3 ^ a4 t + 
204(03 + o 4 ) 

y = 204(03 + o 4 )t~ 1 H , 

1 

* = —* + ..., 

2o 4 

W = —204(03 + 04)t _1 + ■ ■ • . 



Proof. Let us first note that y, w have a pole of order one at t — 0. From Lemma I2.9[ it 
then follows that c 0j o = 0. 

Comparing the terms t, t, t -1 in 

tx = 2x 2 y — x 2 + (1 — 2o 2 — 203 — 204)0; + 2a^z + 2z 2 w + t, 
tz = 2z 2 w - z 2 + (1 - 2o 4 )^ + 2yz 2 + t, 
tw' = —2zw 2 + 2zw — (1 — 2o 4 )u> — 2a 3 y — Ayzw + o 3 , 
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we find that 

2a 3 c ,i + 2^^0-1 + 1 = 0, 

2cg (1 - 2a 4 c ,i + 26 ,_icg il + 1 = 0, (2.9) 
-2c 0) i^ _! + 2o 4 d _i - 2a 3 6 0) _i - 46 ,-iC ,iC?o -i = 0, 

respectively. Based on the first equation of (12. 9p . we find that c 0j i ^ 0. The first and 
second equations of (12. 9 j) shows that 2(o 3 + 0:4)00,1 — 26o,-iCg j = 0, which implies that 

co,i = ("3 + a 4 )/&o -1 7^ 0. 
Thus, from the first equation of (12. 9p . we find that 

d ,-i = -^o,-i/{ 2 ( a 3 + «4) 2 } - a 3 6o -1/ («3 + a 4 ). 

From the third equation of (12. 9p . we then see that 6 ,-i = 2a 4 (a: 3 + ct 4 ) 7^ 0. 
By Lemma 12.91 we observe that 

'a ,o = 0, a ,i = («2 + a 3 + a 4 )/{2a 4 (a 3 + a 4 )}, 

&o,-i = 2a 4 (a 3 + a 4 ), 

Co,o = 0, c ,i = 1/2 • a 4 , 
k rfo,-i = — 2a 4 (a 3 + a 4 ). 

□ 

2.4 Summary 

Let us summarize the results in this section. 

Proposition 2.14. Suppose that for i?4 1 - ) (oj) <j< 4 , there exists a meromorphic solution 
at t = 0. Then, ao,o = 0, «o — «i one? y + w is holomorphic at t = 0. 

3 Meromorphic solution at t = c G C* 

In this section, we treat meromorphic solutions near t = c G C*. We then obtain the 
following proposition in the same way as Proposition 11.221 

Proposition 3.1. Suppose that for 5 4 1 ' ) (a;j)o<j<4, there exists a meromorphic solution 
such that some of (x, y, z, w) have a pole at t = c G C*. One of the following then occurs: 
(1) x has a pole of order one at t = c and y, z, w are all holomorphic at t = c, 
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(2) y has a pole of order two at t = c and x, z, w are all holomorphic at t = c, 

(3) z has a pole of order n (n > 1) at t = c and x, y, w are all holomorphic at t = c, 

(4) w has a pole of order two at t = c and y, z, w are all holomorphic at t = c, 

(5) x, z both have a pole of order one at t = c and y, w are both holomorphic att — c, 

(6) x has a pole of order one at t = c and w has a pole of order two at t = c and y, z 
both are holomorphic at t = c, 

(7) y, w both have a pole at t = c and x, z are both holomorphic at t = c. 



3.1 The case where x has a pole at t = c G C* 

Proposition 3.2. Suppose that for B^\aj)o<j<4, there exists a solution such that x has a 
pole of order one att = c<EC* and y, z, w are all holomorphic at t = c. Then, 6 Cj0 = 0, 1. 

(1) //6 c ,o = 0, 

(x = c(t-c)- 1 + •■■ , 

L=-*( ( - c)+ .... 

v c 

(2) //6 Cl o = l, 

(x = -c(t - c)' 1 + • • • , 

< c 
Proof. It can be easily checked. 

□ 



3.2 The case where y has a pole at t = c G C* 

Proposition 3.3. Suppose that for B^\aj)o<j<4, there exists a solution such that y has 
a pole of order two at t = c G C* and x, z, w are all holomorphic at t = c. Then, = 
and one of the following occurs: 

-(t-c) + (ao+ 9 ai) - 2 (t-c) 2 + ---, 
-c(t - e)- 2 + 6 C . + ■ ■ • , 
\{t~c) + --, 
d c ,2(t — c) 2 H , 



X = 




z = 
w = 
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X 



-(t - c) + 



(«0 



2c 

(2) I y = ~ c ( f ~ °y 2 + fe c,o + 

2 = -(* - c) H , 

w = d Cj2 (t - c) 2 H . 

Proof. It can be easily checked. 



■(t-c) 



□ 



3.3 The case where z has a pole at t = c G C* 

Proposition 3.4. Suppose that for B^\aj)o<j<4, there exists a solution such that z has 
a pole of order n (n > 1) a£ £ = c G C* and x, y, w are all holomorphic at t = c. 
(1) Un>2, 

y = \ + 0((t-c) n - 1 )---, 

Z = C - n (t - C)~ n + • • • , 

a 3 



(2) Ifn = l, then 



w 



y = 



c 0,-n 
1 



-(t-cT + 



2 2c c ,_!, 
2; = c c _i(i - c) _1 + ■ 

w = —(t-c) + 



Cc-i 



Proof. It can be easily checked. 



□ 



3.4 The case where u; has a pole at t = c G C* 

Proposition 3.5. Suppose that for B^\aj)o<j<4, there exists a solution such that w has 
a pole of order two at t = c G C* and x, y, z are all holomorphic at t = c. Then, 

V = b c ,o H — , 

z = -(t - c) - 2a \^ l it - cf + c Ci3 (t - cf + • • • , 

w = -c(t - c)~ 2 + d cfi H , 

where b cfi + d cfi = (1 - c C)3 c)/2. 
Proof. It can be easily checked. 



□ 
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3.5 The case where x, z have a pole at t = c G C* 

Proposition 3.6. Suppose that for B^\aj)o<j<4, there exists a solution such that x,z 
have a pole of order one at t = c G C* and y, w are all holomorphic at t = c. Then, 
(6 c ,o, d cfi ) = (0,0), (0,1), (1,0), (1,-1). 

(1) //(6 Ci0 ,4,o) = (0,0), 

x — c(t — c)" 1 + • • • , 

y = - — (t -c) + --- , 

c 

z = c(t-c)- 1 + ••• , 

w — it — c) H . 

c 

(2) Assume that (& Ci o,d c ,o) = (0,1). Then, (a Cj _i, c Cj _i) = (— c, — c), (2c, — c). 
(i) 7/(a c _i,c c _i) = (-c, -c), 



x = -c(* - c)" 1 + 

CCi . , 

»=3;(t-c) + - 
z = -c(t - c) _1 + 

w — 1 + 1 — 



(ii) 7/(a c _i,c c _i) = (2c, -c), 



«3 — 2a 4 ) -{t — c) + 



£ = 2c(t-c)- 1 + - 

» = -£«-«) + ■ 
z = -c(t - c) _1 + 

w = 1+ 1 + — 



a 3 — 2a 4 ) -(t — c) + 



(3) 7/(60,0,4,0) = (1,0), 



.7; 



= -c(t - c)- 1 + 



y=l + -(t-c) + 

c 

z = -c(t - c)- 1 + ■ ■ 
a 3 



w 



-(t-c) + 



(4) Assume that (b cfi ,d cfi ) = (1,-1). Then, (a c _i,c c _i) = (c, c), (-2c, c). 
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(i) 7/(a c _i,c c _i) = (c,c), 



x = c(t — c) 1 + • • • , 
j/ = 1- — t-c +••• , 
z = c (t - c)- 1 + ■■■ , 

w = -l + (-1 + ^Y + a 3 + 2aA ~ c {t -c) + 



(ii) If (a c _i, c c _i) = (-2c, c), 



x = -2c(f - c)- 1 + ■ 
„=l + £(«-c) + 



z = c(t - c) _1 + 



w = -1+ ^-1 - 
Proof. It can be easily checked. 



4a 



+ a 3 + 2a 4 J -(f-c) + 
3 / c 



□ 



3.6 The case where x, u; have a pole at t = c G C* 

Proposition 3.7. Suppose that for B^\aj)o<j<4, there exists a solution such that x,w 
have a pole at t = c e C* and y, z are all holomorphic at t = c. Then, b c0 = 0, 1. 

(1) //&c,o = 0, 

/. x-i . 1 + «o - ai . 
x = c(t - c) + + • • • , 

y = -— (t-c) + ... , 

z = -(t - c) - 2a ' + 1 (t - c) 2 + c c>3 (t - c) 3 + • • • , 



2c 



w = -c(t - c)~ 2 + 



1 - c Cj3 c 



+ 



(2) //6 Cl o = l, 



x = -c(t - c) H 1 , 

l/ = l + -(t-c) + ---, 

z = -(t-c)- 2C " 4 2c +1 (t - c) 2 + c c , 3 (t - c) 3 + 

w = _ c ( t _ c )^ + - 1 -Cc,3C + - 
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Proof. It can be easily checked. 



□ 



3.7 The case where y, w have a pole at t = c G C* 

In the same way as Proposition 12.131 we can prove the following proposition: 

Proposition 3.8. Suppose that for -B4(oj)o<j<4, there exists a solution such that y has 
a pole of order two at t = c G C* and w has a pole of order one at t = c and x, z are 
holomorphic at t = c. Then, c c q = and c c \ = 1/2,-1. 
(1) I/c C)1 = 1/2, 



x - 

y -- 

z - 
w 



(2) //c Cil = -l, 



■(t-c) + 



«o + «i — 2« 3 
2c 



-{t-cf + -- 



\(t-c) + ^±±(t-cf + ..., 
2a3 x a 3 (4a 3 + 3a 4 + 3) 

3 1 C) 9c 



+ 



x - 

y -- 

z - 
w 



a + ai + 2a 3 - 2 2 
-(t — c) H (t - c) + 



-c(t - c) 



2« 3 



2c 



-(t-c) + ^^(t-c) 2 + ... 
2c 

2"3 x a 3 (a 3 - 3a 4 - 3) 

' 3 [ C) 9c 



+ 



Proposition 3.9. Suppose that for -B4(<x,-)o<j<4, there exists a solution such that y,w 
both have a pole of order two at t = c G C* and x, z are holomorphic at t = c. Then, 



-{t-cf + 



c,l — 


-1/2,1. 


-1/2, 




r / n ] 




x = (t - c) + - 




y = c(t- c)- 2 


< 






z = — (t - c) 
2 V 1 




w = —4c(t — c 



2a 3 + 



(t-c)"^ 



a4+3l (t-c) 2 + 



4c 



-2 



2a 3 + 4a 4 

~~ 3 
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(t-c)^ + 



(2) 7/0,1 = 1, 

x = (t-c) + ^ 4 -(t - cf + • • • , 

y = c(t-c) + (t - C) + • • • , 

, . 1 — 2ct4 . , 9 
z = {t-c) + ^-^{t-cf + --- , 

/. x-2 2a 3 + 4a 4 x 

w = — c(i — c) (t — c) +•••. 

^ 3 

Proposition 3.10. Suppose that for fi 4 (o;j)o<j<4, there exists a solution such that y,w 
both have a pole of order one att = c&C* and x, z are holomorphic att = c<EC*. Then, 
c c ,o 7^ and 

c 

x = 777 1- a c ,i(t — c) H , 

2&c_i 

y = 6 C - c) _1 + • • • , 
z= 2b + c c,i(t- c ) + --- , 

C, 1 

w = d c -i(t - c) _1 H , 

where b c -i + d c ,-i = and a Cjl - c C) i = 2a 2 c c , - 

3.8 Summary 

Proposition 3.11. (1) Suppose that for B^\aj)o<j<4, there exists a meromorphic so- 
lution at t = c G C*. (i) and (ii) then hold: 

(1) x has a pole of order at most one at t = c and Res t=c x = nc, n G Z, 
(ii) y + w has a pole of order at most two at t = c and Res t=c (y + w) — 0. 

(2) Suppose that for B^\aj)o<j<4, there exists a rational solution. Then, 

Ooo,o - ao,o G Z and 600,-1 + doo,-i = 0, 
because 60,-1 + ^o,-i = &c,-i + ^c,-i — 0. 

Proof. Case (1) is obvious. Case (2) can be proved by applying the residue theorem to 
t~ l x. 

□ 
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4 Hamiltonian and its properties 

4.1 The Laurent series of H n (i) at t = oo 

By Proposition 11.22} we can calculate the constant term, h^ Q, of the Laurent series of 
if D (i) at t = oo. 

Proposition 4.1. Suppose that for B^\aj)o<j<4, there exists a solution such that z has 
a pole order n {n > 1) at t = oo and x, y, w are all holomorphic at t = oo. 

(1) Ifn > 2, i/jen 

^oo,o = t(«q - «i) 2 + a3(a3 + 2a 4 - 1). 

(2) If n = 1, then 

hoo,o = ^(«o - «i) 2 + («3 + «4) 2 - («3 + a 4 ). 

4.2 The Laurent series of i7„m at t = 

In this subsection, we compute the constant term, /i cb of the Laurent series of 77 (i) at 
t = 0. 

4.2.1 The case where all of (x,y,z,w) are holomorphic at t — 

By Propositions I2.3[ 12.51 and 12. 6[ we obtain the following proposition: 

Proposition 4.2. Suppose that for B^\aj)Q<j<4, there exists a solution such that all of 
(x, y, z, w) are holomorphic at t = 0. Then, a ,o = 0, a — a,\. 
(l)-(i) If a , = and c , = 0, 

h ,o = 0. 

(1) -(ii) J/a ,o = and c , 7^ 0, 

^o,o = «3(«3 + 2a 4 - 1). 

(2) Moreover, assume that a ,o = oo — ai 7^ 0. TTien, 6 ,o = 1/2, — 0:1/(0:0 — oti). 
(2)-(i) // 6 ,o = 1/2 and c ,o = 0, 

^0,0 = ^("o - oti) 2 . 

(2)-(ii) 7/6 ,o = 1/2 andc 0fi ^0, 

ho,o = ^(«o - «i) 2 - ^(2a 4 - I) 2 - 
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(2)-(iii) I/&o,o = -ai/(a - "i) ^ V 2 and c ,o = 0, 

ho,o = -a ai. 
(2)-(iv) // 6 ,o = -«i/ Oo - «i) 7^ 1/2 and c , 7^ 0, 

^o,o = — «o«i + «3(«3 + 2a 4 — 1). 

4.2.2 The case where z has a pole at t — 

By Proposition I2.7[ we obtain the following proposition: 

Proposition 4.3. Suppose that for B^\aj)o<j<4, there exists a solution such that z has 
a pole of order n (n > 1) at t = and x, y, w are all holomorphic at t = 0. Then, 

h ,o = ^(«o - «i) 2 + a 3 (a 3 + 2a 4 - 1)- 

4.2.3 The case where y, w have a pole at t = 

By Proposition I2.13[ we have the following proposition: 

Proposition 4.4. Suppose that for B^\aj)o<j<4 : there exists a solution such that y,w 
have a pole at t = and x, z are holomorphic at t = 0. Then, 

ho,o = a 2 (a + «i + a 2 ). 

4.3 The Laurent series of H^m at t = c G C* 

In this subsection, we calculate the residue, h c _i, of H (i) at t = c G C*. 

4.3.1 The case where x has a pole at t = c G C* 

By Proposition 13. 2[ we can show the following proposition: 

Proposition 4.5. Suppose that for B^\aj)Q<j<4, there exists a solution such that x has 
a pole at t = c G C* and y, z, w are all holomorphic at t = c. H (i) is then holomorphic 
at t = c. 

4.3.2 The case where y has a pole at t = c G C* 

By Proposition 13. 3[ we can prove the following proposition: 

Proposition 4.6. Suppose that for B^\aj)o<j<4, there exists a solution such that y has 
a pole of order two at t = c G C* and x,z,w are all holomorphic at t = c. Then, 0J3 = 
and H (l) has a pole of order one at t = c and h c _i = Kest= c H (i) = c. 
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4.3.3 The case where z has a pole at t = c G C* 

By Proposition I3.4[ we can show the following proposition: 

Proposition 4.7. Suppose that for B^\otj)o<j<5, there exists a solution such that z has 
a pole of order n On > 1) at t = c G C* and x, y, w are all holomorphic at t = c. H (i> is 
then holomorphic at t = c. 

4.3.4 The case where w has a pole at t = c G C* 

By Proposition 13. 5[ we can prove the following proposition: 

Proposition 4.8. Suppose that for B±(aj)o<j<5, there exists a solution such that w has 
a pole of order two at t = c G C* and x, y, z are all holomorphic at t = c. H (i) then has 
a pole of order one at t = c and h c _i = Res t=c H <i) = c. 

4.3.5 The case where x, z have a pole at t = c G C* 

By Proposition I3.6[ we have the following proposition: 

Proposition 4.9. Suppose that for B± (ctj)o<j<5, there exists a solution such that x,z 
have a pole of order one at t = c G C* and y, w are holomorphic at t = c. Then, 
(Wco) = (0,0), (0,1), (1,0), (1,-1). 

(1) If (b c o,d c o) = (0,0), H (i) is holomorphic at t = c. 

(2) If (b c o, d c o) = (0, 1), H (i) is holomorphic at t = c. 

(3) If (6 C) o, d c o) = (1, 0), H (i) is holomorphic at t = c. 

(4) If (fo Cj0 , G? c ,o) = (1, —1), H B (i) is holomorphic at t = c. 

4.3.6 The case where x, w have a pole at t = c G C* 

By Proposition 13. 7^ we have the following proposition: 

Proposition 4.10. Suppose that for B^\aj) <j< 5 , there exists a solution such that x,w 
have a pole att = c G C* and y, z are holomorphic att = c. H (i) then has a pole of order 
one at t = c and h c _i = Res t=c iJ D (i) = c. 

4.3.7 The case where y,w have a pole at t = c G C* 

By Proposition 13. 8[ we obtain the following proposition: 
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Proposition 4.11. Suppose that for B 4 («j)o<j<5) there exists a solution such that y 
has a pole order two at t = c 6 C* and w has a pole of order one at t = c and x, z are 
holomorphic att = c. H B (i) then has a pole of order one att = c and h c -\ = Kest= c H B (i) = 
c. 

By Proposition I3.9[ we have the following proposition: 

Proposition 4.12. Suppose that for B^\aj)o<j<5, there exists a solution such that y,w 
have a pole order two att = c 6 C* andx,z are holomorphic att = c. Then, c Cj i = —1/2, 1. 

(1) If c Ct i = —1/2, H B (i) has a pole of order one at t = c and h c _i = Res t=c H B (i) = 3c. 

(2) If c c i = 1, H B (i) is holomorphic at t = c. 

By Proposition I3.10[ we have the following proposition: 

Proposition 4.13. Suppose that for (aj)o<j<s, there exists a solution such thaty,w 
both have a pole order one at t = c 6 C* and x, z are holomorphic at t = c. H (i) is then 
holomorphic at t = c. 



4.4 Summary 

Proposition 4.14. (1) Suppose that for B^\aj) <j< 5 , there exists a meromorphic so- 
lution at t = c G C*. H ' (i) then has a pole of order at most one at t = c and 

h c -i = Res t=c H (i) =nc (n = 0, 1, 3). 

(2) Suppose that for B^\aj)o<j<5, there exists a rational solution. Then, /ioo,o~ ^o,o £ 
Proof. Case (1) is obvious. Case (2) can be proved by applying the residue theorem to 



5 Backhand transformations and their properties 

In this section, following Sasano [22], we introduce the Backlund transformations 
so, s\, S2, S3, S4, 7Ti, and tc 2 and investigate their properties. 
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5.1 Definition of the Backlund transformations 

o<j<4 has Backlund transformations, so, si, S2, S3, s 4 , 7Ti, and 7r 2 , which are defined 

by 

s : (x, y, z, w, t; a , a 1 , a 2 , «3, 014) -> [ x + , y, z, w, t; -a , a 1} a 2 + a , a 3 , a 4 

V y - 1 

Si : ( x, y, z, w, t; ao, ct\, a 2 , a 3 , 0,4) — > x H , y, 2, tu, £; ao ; — ^2 + ai, a?3, 014 

V y 

s 2 : (x, y, z, w, t; a , a x , a 2 , a 3 , a 4 ) ->■ 

x, y , 2, to H , i; «o + «2, «i + «2, — «2, a 3 + a 2 , a 4 

x — z x — z 

s 3 : (x, y, z, w, t; a , oti, a 2 , a 3 , a 4 ) -» ( x, y, z + — , w, t; a , ai, «2 + ai 3 , -"3, "4 + ot 3 

/ 2a 4 t 

s 4 : fx, y, z, w, t; ao, oti, a 2, ot 3 , 014) — > x,y,z,w 1 — - — t; ao, a\, a 2 , a 3 + 2a 4 , — a 4 

\ z z l 

7Ti : (x, y, 2;, iw, i; a , a 1} a 2 , a 3 , a 4 ) ->■ (-x, 1 - y, -2, -w, ai, a , a 2 , a 3 , a 4 ) , 

7T 2 : (x, y, 2, u>, t; a , ai, a 2 , 03, 014) -» 

t z , t x ao — oti 

-, + a 3 ), -, --(xy + ai), t; 2a 4 + a 3 , a 3 , a 2 , «i, 

z t x t 2 

Let us note that the Backlund transformations, except for tti, are not polynomial in 
x, y, 2, w and t but rational in x, y, 0, u> and t. 
Remark At first, Sasano 126 defined 



7r 2 : («o, oi\, ol 2 , a 3 , a 4 ) — > (2a 4 + a 3 , a 3 , a 2 , (a — oti)/ 2, oti). 
But, following Sasano [32J, we corrected and redefined it 

7r 2 : (ao, oti, ot 2 , a 3 , a 4) — > (2a 4 + a 3 , a 3 , a 2 , ai, (a — «i)/2). 

5.2 The properties of the Backlund transformations 

Considering s , Si, s 2 , s 3 , we can prove the following proposition: 

Proposition 5.1. (0) If y = 1 for B^\aj) <j<4, then a = 0. 

(1) Ify = /or sf^o^cKi^i, ^en ai = 0. 

(2) If x = z for B^\aj)o<j<4, then a 2 = 0. 

(3) If w = /or -B 4 1 ' ) (Q;j)o<j<4, then a 3 = or y = 1/2. 

(4) For £?4 (%)o<i<4> ^ere exzsis no solution such that z = 0. 
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Proof. We treat case (2). The other cases can be proved in the same way. By considering 

tx = 2x 2 y — x 2 + (1 — 2a 2 — 2a 3 — 2a 4 )x + 2a 3 z + 2z 2 w + t, 
tz' = 2z 2 w - z 2 + (1 - 2a 4 )z + 2yz 2 + t, 

we find that a 2 = or x = z = 0. If x = z = 0, it follows that = t, because 

£a/ = 2x 2 y — x 2 + (1 — 2a 2 — 2^3 — 2ct/i)x + 2a 3 z + 2z 2 w + t, 

but this is impossible. 

□ 

By Proposition 15.11 we consider sq, S\, or s 2 as the identical transformation, if y = 1, 
y = or s = z for #| (a.j)o<j<4- 

Considering S3 more in detail, we can easily check the following proposition: 

Proposition 5.2. Suppose that for £4 (oj)o<j<4, w = and a 3 7^ 0. Either of the 
following then occurs: 

(1) a 3 = —1/2, «4 = 1/2 and 

x = ao — «i, y = —, z = t + («o + «i)(«o — «i)> w = 0, 

(2) a 3 + a 4 = 0, (ao + ai)(a — ai) = and 

1 1 

x = a - ai, y = -, z = -- — t, w = 0. 

2 2a 3 

Proposition 15.21 shows that if w = and 03 7^ for £4 (aj)o<j<4, 

s 3 (x, y, 2, u; ) = (ao - a u 1/2, 00, 0). 

Therefore, we have to consider the infinite solution such that z = 00, which is treated in 
the next section. If w = and a 3 = for (afj)o<;<4, we consider S3 as the identical 
transformation. 

In order to study 7r 2 , we assume that x = and obtain examples of the rational 
solutions. 

Proposition 5.3. Suppose that for £4 (o!j)o<j<4j x = 0. Then, a 4 7^ and either of the 
following occurs: 

(1) — a + ai = 0, a 3 + a 4 = and 

1 1 

z = °> y = 2' 2 = 2^T*' w = °' 
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(2) a = azi = 1/2 and 

1 2aJa 3 + a 4 ) 1 ± 2aJa 3 + a 4 ) 

x = 0, 7/ = - H , z = 1, w = -. 

' y 2 t ' 2a 4 ' t 

Proposition 15.31 implies that if x = for -B 4 (aj)o<j<4, 

7r 2 (x, t/, 2, u>) = (2a 4 , 1/2, oo, 0). 

Therefore, we have to consider the infinite solution such that z = oo, which is treated in 
the next section. 



6 Infinite solutions 

In this section, we consider an "infinite solution," that is, a solution such that some of 
(x,y, z,w) are identically equal to oo. Especially, we treat the infinite solution such that 
z = oo. For this purpose, following Sasano [28j . we introduce the coordinate transforma- 
tion which is given by 

m 3 : x 3 = x, y 3 = y, z 3 = l/z > w 3 = -{wz + a 3 )z, 

By 777-3, we have the following proposition. 

Proposition 6.1. For S 4 (ay)o<j< 4 , there exists a solution such that z = oo. Either of 
the following then occurs: 

(1) («o + «i)(tto — Oil) = 0, a 4 = 0, and 

1 t 

x 3 = a - an, y 3 = -, z 3 = 0, w 3 = -, 

that is, x = «o — Oil, V = 1/2, z = oo, w = 0, 

(2) « 3 = 1/2, a 4 = 0. 



1 „ t (a + «i)(«o - an) 
x 3 = a - «i, 7/3 = -, 2 3 = 0, 7i7 3 = - H , 

t/iat is, x = a — an, y = 1/2, z = oo, w = 0. 

Proof. For £4^(aj)o<j<4, wi 3 transforms the system of (x,y,z,w) into the system of 
(x 3 , 2/3, ^3, w 3 ), which is given by 

' tx' 3 = 2x\y 3 — x\ + (1 — 2a 2 — 2«3 — 2o: 4 )£ 3 — 27f 3 + t, 

ty' 3 = -2x 3 y 3 + 2x 3 y 3 - (1 - 2a 2 - 2a 3 - 2a A )y 3 + an, 

tz' 3 = 2z\w 3 + 1 — (1 — 2a 3 — 2a A )z 3 — 2y 3 — tz\, 

tw' 3 = —2z 3 w\ + 2tz 3 w 3 + a 3 t + (1 — 2ct 3 — 2a 4 )77;3. 
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Substituting z 3 = in 

tz' 3 = 2z 3 w 3 + 1 — (1 — 2a 3 — 20:4)2:3 — 2y 3 — tz 3 , 
we have y 3 = 1/2, which implies that x 3 = Oo — «i, because 

ty 3 = -2x 3 y\ + 2x 3 y 3 - (1 - 2o 2 - 2o 3 - 2a 4 )y 3 + a ± . 
Substituting x 3 = a — ct\,y 3 = 1/2, z 3 = in 

tx' 3 = 2x\y 3 — x\ + (1 — 2o 2 — 2a 3 — 2a 4 )x3 — 2w 3 + t, 

we obtain 

t (o + oi)(o - 01) 

^3 = 2 + 2 ' (6 ' 1} 

Substituting z 3 = and (16. 1 p in 

tw' 3 = —2z 3 w 3 + 2tz 3 w 3 + 03^ + (1 — 2o 3 — 204)1^3, 

we have 

= -o 4 t + (1 - 2o 3 - 2o 4 ) (ao ~ ai) 2 (a ° + ai) , 
which proves the proposition. □ 



Remark In both cases of Proposition 16.11 we can express the infinite solution by 

1 t (a + a 1 )(a - a x ) 
x 3 = a - a h y 3 = -, z 3 = 0, w 3 = - H - . 

6.1 Backlund transformations and infinite solutions 

In this subsection, we treat the relationship between the Backlund transformations and a 
solution such that z = 00 and x, y, w ^ 00. By m 3 and Proposition l6.lt we can prove the 
following proposition. 

Proposition 6.2. Suppose that for B± (acj)o<j<4, there exists a solution such that z = 00 
and x,y,w ^ 00. The actions of the Backlund transformations to the inifinite solutions 
are then expressed by 



so 
si 

«3 

Si 
7Tl 
7T2 



(x,y,z,w) — >-(-ao-ai, 1/2, 00, 0), 
(x,y,z,w) — >(a + ai, 1/2, 00, 0), 
(x,y,z,w) — >(a -ai, 1/2, 00, 0), 

(x,y,z,w) — >(a -a u 1/2, t/{2a 3 } + (a + ai)(a - Oi)/{2o 3 }, 0), 
(x,y,z,w) — >(a -ai, 1/2, 00, 0), 
(x,y,z,w) — >-(ai-ao, 1/2, 00, 0), 

(x,y,z,w) — ► (0, 1/2 + (a + ai)(a -ai)/{2t}, t/(a -a 1 ), -(a + Oi)(a - a x )/{2t}). 
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Furthermore, if ao — a\ — 0, n 2 is given by (x,y,z,w) — > (0, 1/2, oo, 0). 

Proof. We treat n 2 . The other cases can be proved in the same way. From the definitions 
of 7T2 and m 3 , it follows that 

, , t 

^2{X) = - = tz 3 = 0, 

z 

z w 3 1 (a + «i)(«o - «l) 

Mv) = + «s) = — = 77 + 



= - = — = 



x x 3 ao — (Xi ' 

x. x 3 (a - «i)(«o + "i) 
tt 2 (w;) = --(xy + ax) = — -(x 3 y 3 + an) = — . 

If a — ai = 0, by m 3 o 7r 2 o mj 1 , we obtain 

^(^K 1 ^))) = ^3 = 0, 

_ x 1 (a + «i)(«o - «i) 1 
^3(vr 2 (m 3 (y 3 ))) = - + = -, 

m 3 (7r 2 (m 3 ^s))) = a ° - ^ = 0, 

m 3 (ir 2 (m 3 1 (w 3 ))) = -(ir 2 (w)7r 2 (z) + 7i 2 (a 3 ))n 2 (z) = ty 3 
which means that 



t 

2' 



n 2 (x,y,z,w) = (0, 1/2, 00, 0). 



□ 



7 Necessary conditions- • the case where z has a pole 
of order one at t = oo 

In this section, we assume that z has a pole of order one at t — 00 and obtain the necessary 
conditions for B^\aj) <j<4 to have such a rational solution. 

7.1 The case where x,y,z,w are all holomorphic at t = 

In this subsection, we assume that z has a pole of order one at t = 00 and all of (x, y, z, w) 
are holomorphic at t — 0. 
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7.1.1 The case where ao,o = 

Proposition 7.1. Suppose that for B^ (aij)o<i<4) there exists a rational solution such 
that z has a pole of order one at t = oo and x,y,w are all holomorphic at t = oo. 
Moreover, assume that x, y, z, w are all holomorphic at t = and ao,o = 0, co,o 7^ 0. 
Then, «o - «i G Z, 2a 4 G Z. 

Proof. From Proposition 13.111 it follows that «o — ct\ G Z. Furthermore, from Proposition 
I4.14j h follows that 

^oo,o - ^o,o = 1/4 ■ (a - ai) 2 + a\ - a 4 G Z. (7.1) 

■s 4 (x, 2, w) is a solution of 5 4 (ao, o>i, «3 + 2a 4 , — a 4 ) such that z has a pole of 
order one at t = 00 and x, y, u> are all holomorphic at t = 00. Moreover, for s 4 (x, y, z, w) 
x,y,z,w are all holomorphic at t = and a ,o = 0, co,o 7^ 0. From Proposition I4.14[ it 
then follows that 

^00,0 - ^0,0 = 1/4 • (a - «i) 2 + a 4 + a 4 G Z. (7.2) 
From (J73D and (O}, it follows that 2o 4 G Z. 

□ 

In order to treat the case where ao,o = co,o = 0, let us prove the following two lemmas: 

Lemma 7.2. Suppose that for B^\aj)o<j<4, there exists a solution such that x,y,z,w 
are all holomorphic at t = and Co,o = 0. Then, a 4 7^ and Cq s i = l/{2a 4 }. 

Proof. From Proposition I5.1[ let us first note that z ^ 0. Suppose that o 4 = 0. 
s 4 (x, y, z, w) is then a solution of B^\ao, «i, «2, «3, 0) such that only s 4 (u>) has a pole at 
t = 0, which is impossible from Proposition 12.11 

Thus, it follows that o 4 7^ and s±(x,y,z,w) is a solution of B± (a 0; a i, a 2, a 3 + 
2a 4 , — a 4) such that all of s 4 (x, y, z, w) are holomorphic at t = 0, which implies that 
c 0) i = l/{2a 4 }. 

□ 

Lemma 7.3. Suppose that for B^\aj)o<j<4, there exists a solution such that x,y, z,w 
are all holomorphic at t = and ao,o — Co,o — 0. Moreover, assume that a 2 7^ 0. Then, 
0(4(0(2 + «3 + 0L4) 7^ and Oo,i = («3 + a 4 )/{2a 4 (a 2 + a 3 + a 4 )}. 

Proof. From Proposition 15. 1[ let us first note that x ^ z. S2{x, y, z, w) is then a solution 
of B^\a + a 2 , ai + a 2 , —a 2 , a 3 + a 2 , a 4 ) such that both of s 2 (y, w) have a pole at t — 
and both of S2(#, 2) are holomorphic at t = 0. Thus, it follows from Proposition 12.131 that 
a.2 + 0! 3 + 0.4 7^ and 

7777; — 7 = Res t=oS2(y) = 2a 4 (a 2 + «3 + a 4 ), 

a ,i - l/{2a 4 } 
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which implies that a ,i = (013 + a 4 ) /2a: 4 (a 2 + a 3 + a 4 ). 

□ 

By Lemmas 17.21 and 17. 3[ we can prove the following proposition: 

Proposition 7.4. Suppose that for Etjj/ (ojj)o<j<4, there exists a rational solution such 
that z has a pole of order one at t = 00 and x,y,w are all holomorphic at t = 00. 
Moreover, assume that x, y, z, w are all holomorphic at t = and ao,o = 0, co,o = 0. One 
of the following then occurs: (1) a = a i = 0, (2) a — a\ G Z, 2a 4 = 1, (3) 
a — a>i G Z, 2a 3 + 2a 4 G Z. 

Proof. From Proposition 13.111 it follows that cto — «i G Z. By Proposition 12.31 and 15.31 

we can assume that x ^ and 

ao,o = 0, 6 ,o = «i/(ao + c ,o = 0, d ,o = -«3(ao - ai)/{(2a 4 - l)(a + «i)}, 

where a + «i 7^ and 2a 4 7^ 1. 

If a — oti 7^ and a 3 7^ 0, then s 3 (x,y, z,w) is a solution of B^\a , a x , a 2 + 
a 3 ,— 0:3, a 4 + a 3 ) such that s 3 (z) has a pole of order one at t — 00 and all of 
s 3 (x,y,w) are holomorphic at t = 00. Moreover, all of s 3 (x, y, z, w) are holomorphic 
at t — and for s 3 (x,y, z,w), a ,o = 0, c 0i o 7^ 0. Thus, by Proposition 17.11 we find that 
a — ai G Z, 2a 3 + 2a 4 G Z. 

If «o — «i 7^ and 03 = 0, then s 4 (x, y, z, w) is a solution of B± (ao, «i, «2, 2a 4 , — a 4 ) 
such that s 4 (^) has a pole of order one at t = 00 and all of s^(x,y,w) are holomorphic 
at t = 00. Moreover, s 4 (x, y, w) are all holomorphic at t = and for s^(x,y, z,w), 
ao,o = 0, co,o = 0. Thus, from the above discussion, we see that ao — a\ G Z, 2«3+2a 4 G Z. 

Let us suppose that a — a\ = and a 2 7^ 0. We can then assume that a 3 + a 4 7^ 0. 
Thus, 7r 2 (x, y, z, w) is a solution of B^\2a i + a 3 , a 3 , a 2 , «i, 0) such that ^(z) has a pole 
of order n (n > 2) at t = 00 and all of 712(0;, y, w) are holomorphic at t — 00. Moreover, all 
of n 2 (x, y, z, w) are holomorphic at t — and for 7r 2 (x, y, z, to), a 0) o = (2a 4 + 0:3) — 0:3 7^ 
0, &o,o = — ois/ {2a 4 }, co,o = (ot 2 + «3 + 0(4) /(as + a 4 ), which implies that ao — a% = and 
2a 3 + 2ct 4 G Z from Proposition 18.21 

Let us consider that a — a\ =0 and a 2 = 0. Sis (x, y, z, w) is then a solution of 
B^\— a , — ax, 2a , a 3 , oj 4 ) such that only Sis (<s) has a pole of order one at t = 00. 
Moreover, all of Sis (a;, y, w) are holomorphic at £ = and for sis (a;, y, z, w), a 0) o = 
0,6o,o = 1/2, co,o = 0. Thus, it follows from the above discussion that a ~ &i = and 
2a 3 + 2ct 4 G Z. 

□ 

Remark Proposition l8.2l can be proved independent of the propositions in this section. 



Let us summarize Propositions 17. II and 17.41 
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Proposition 7.5. Suppose that for B\ (ctj)o<j<4, there exists a rational solution such that 
z has a pole of order one at t = oo and x,y,w are all holomorphic at t = oo. Moreover, 
assume that x, y, z, w are all holomorphic at t = and ao,o — 0. One of the following then 
occurs: 

(1) a = ai = 0, 

(2) Z, 2a 4 G Z, 

(3) a - a x G Z, 2a 3 + 2a 4 G Z. 

7.1.2 ao,o = «o — «i 7^ 

We treat the case where x, 2, w are all holomorphic at t = and a 0> o 7^ 0. Let us first 
deal with the case in which 6 .o 7^ 1/2. 

Proposition 7.6. Suppose that for B^\otj)o<j<4, there exists a rational solution such 
that z has a pole of order one at t = 00 and x,y,w are all holomorphic at t = 00. 
Moreover, assume that x, y, z, w are all holomorphic at t = and ao,o = «o — «i 7^ 
0, &o,o — — Qfi/(ao — ai) 7^ 1/2. Either of the following then occurs: 

(1) cto + aiG Z, 2a 4 G Z, 

(2) « + «i G Z, 2a 3 + 2a 4 G Z. 

Proof. Since ao,o = «o — «i 7^ 0, it follows that «o 7^ or «i 7^ 0. If «o 7^ 0, then using 
so we find that sq(x, y, z, w) is a solution of B^\— a , a±, a 2 + ojq, 03, a 4 ) such that only 
sq(z) has a pole of order one at t = and all of So(x,y, z,w) are holomorphic at t = 0. 
Moreover, for so(x,y, z,w) a = 0. Thus, the proposition follows from Proposition 17.51 
If «i 7^ 0, we use si in the same way and can obtain the necessary conditions. 

□ 

Let us treat the case where a ,o 7^ and 60,0 = 1/2. 

Proposition 7.7. Suppose that for B^\aj)o<j<4, there exists a rational solution such that 
z has a pole of order one at t = 00 and x,y,w are all holomorphic at t = 00. Moreover, 
assume that x, y, z, w are all holomorphic att = and a = a — ol\ 7^ 0, 60,0 = 1/2. One 
of the following then occurs: 

(1) «o + «i 6 Z, 2a 4 G Z, 

(2) «o + «i 6 Z, 2a 3 + 2a 4 G Z, 

(3) a + «i + 2a 2 G Z, 2ct 4 G Z. 

Proof. By Proposition 12.51 we can assume that ao,o = «o ~ &o,o = 1/2, co,o = 0, or 
that a ,o = a — ai, &o,o = 1/2, c ,o = («o + ai)(«o - «i)/(l - 2a 3 - 2a 4 ) 7^ 0. 

Let us first suppose that a 2 7^ 0. 52(0;, y, z, w) is then a solution of S^^oto + a 2 , cti + 
a 2, — ®2,c*3 + o: 2 , a^j such that only s 2 (^) has a pole of order one at t = 00 and all of 
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S2(x, y, z, w) are holomorphic at t — 0. Moreover, for ^(x, y, z, w), a ,o = cto — a i 7^ and 
^0,0 7^ 1/2. Thus, from Proposition I7.6[ we can obtain the necessary conditions. 

Now, let us consider the case where o 2 = 0. Since a ,o = o — Oi 7^ 0, it follows 
that a 7^ or 7^ 0. We suppose that o ^ 0. s (x, y, z, w) is then a solution of 
B^\—a 0} aci, o , o 3 , o 4 ) such that only s 2 (z) has a pole of order one at t = oo and all of 
s 2 (x,y, z,w) are holomorphic at t = 0. Moreover, for s (x, y, z, w), a ,o = — «o — «i an d 
&o,o 7^ 1/2. When oo + a.\ = 0, we can obtain the necessary conditions from Proposition 
17.51 When Oo + oineg0, we can obtain the necessary conditions from the above discussion. 

If a.2 = and oi 7^ 0, using s\ in the same way, we can obtain the necessary conditions. 

□ 

7.2 The case where z has a pole at t = 

Proposition 7.8. Suppose that for B ( l\aj)Q<j<i ) there exists a rational solution such that 
z has a pole of order one at t = oo and x,y,w are all holomorphic at t = oo. Moreover, 
assume that z has a pole at t = and x,y,w are all holomorphic at t = 0. One of the 
following then occurs: 

(1) o = a x = 0, 

(2) a -«iG Z, 2o 3 + 2o 4 G Z, 

(3) o — «i G Z, 2«4 G Z, 

(4) o + «i G Z, 2o 3 + 2o 4 G Z, 

(5) «o + «i G Z, 2«4 G Z, 

(6) 2o 3 G Z, 2o 4 G Z. 

Proof. Let us first suppose that 0:3(0:3 + o 4 ) 7^ 0. s 3 (x,y, z, if) is then a solution of 

-B4 (ocb a i> a 2 + «3, — «3, «4 + 0^3) such that only s 3 (z) has a pole of order one at t = oo 
and all of s 3 (x,y, z,w) are holomorphic at t — 0. Moreover, for s 3 (x, ?/, z, w), a = 
oo — Qti, &o,o = 1/2, ^0,0 = 0. If oo — oi = 0, we can obtain the necessary conditions from 
Proposition 17.51 If oo — a i 7^ 0, we can obtain the necessary conditions from Proposition 
ESandEZl 

Now, let us consider the case where o 3 7^ and 03+04 = 0. It then follows from Propo- 
sition's] that w ^ 0. Thus, s 3 (x, z, w) is a solution of B^\a , a i, a 2 + a 3 , — o 3 , 04 + 03) 
such that only s 3 (z) has a pole of order n (n > 2) at t = 00 and all of s 3 (x, y,z,w) are 
holomorphic at t = 0. Moreover, for S3(x, y, z, u>), a ,o = «o — «i, &o,o = 1/2, <io,o = 0. 
Therefore, using Proposition 18. 3[ we can obtain the necessary conditions. 

If o 3 = 0, then o 3 + o 4 7^ 0, because o 4 7^ 0. Thus, s 4 (x, y, z, -u;) is a solution of 
B^\a , ai, «2, 2o 4 , — o 4 ) such that only s 4 (z) has a pole of order one at t — 00 and has 
a pole at £ = 0. Therefore, we can obtain the necessary condition based on the above 
discussion. □ 
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7.3 The case where y, w have a pole at t = 

Proposition 7.9. Suppose that for (oij)o<j<4, there exists a rational solution such that 
z has a pole of order one at t = oo and x,y,w are all holomorphic at t — oo. Moreover, 
assume that y, w both have a pole at t = and x, z are both holomorphic at t = 0. One of 
the following then occurs: 

(1) a + a 2 = oil + «2 = 0, 

(2) «o - «i 6 Z, 2o 4 G Z, 

(3) a - «! G Z, a + «i 6 Z, 

(4) o + «i e Z, 2o 3 + 2o 4 G Z, 

(5) 2o 3 G Z, 2a 4 G Z. 

Proof. By Proposition 12. 131 let us note that a 4 (a3 + a 4 ) 7^ 0. We first assume that a 2 7^ 0. 
s 2 (x, 2;, w ) is then a solution of -B 4 (a + «i + — oi 2 , a 3 + a 2 , « 4 ) such that only 
S2(z) has a pole of order one at t = 00 and all of s 2 (x, y, z, w) are holomorphic at t = 0. 
Moreover, for S2(x,y, z,w), a ,o = co,o = 0. Thus, by Proposition 17.41 we obtain the 
necessary conditions. 

Now, let us suppose that o 2 = and «o 7^ 0. so(x,y, z,w) is then a solution of 
B4 (— Q!o, oti, ao, 03, a 4 ) such that only s 2 (z) has a pole of order one at t = 00 and only 
s 2 (y, io ) have a pole at t — 0. Based on the above discussion, we then obtain the necessary 
condition. 

If a 2 = and oli 7^ 0, using s\ in the same way, we obtain the necessary conditions. 
If «o = (Xi = oi2 = 0, the parameters then satisfy one of the conditions in the proposi- 
tion. □ 

8 Necessary conditions- • the case where z has a pole 
of order n (n > 2) at t = 00 

In this section, for B^\aj)o<j<4:, we treat a rational solution such that z has a pole 
of order n (n > 2) at t = 00 and assume that a 4 = 0. This section consists of three 
subsections. In the first, second and third subsections, we treat the case where x,y,z,w 
are all holomorphic at t = 0, the case where z has a pole at t — 0, and the case where 
y, w both have a pole at t = 0, respectively. 
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8.1 The case where x,y, z,w are all holomorphic at t = 



8.1.1 The case where a ,o = 

Proposition 8.1. Suppose that for (ocj)o<j<4, ct\ = and there exists a rational 
solution such that z has a pole of order {n > 2) at t = oo and x, y, w are all holomorphic 
at t = oo. Moreover, assume that x,y,z,w are all holomorphic at t = and a ,o = 0. 
Then, a 4 = 0, a — a.\ G Z. 

Proof. This proposition follows from Proposition 13.111 



8.1.2 ao,o = ckq — ai 7^ 

Let us first treat the case where x, y, z, w are all holomorphic at t = and ao,o 7^ 0, 6q,o 7^ 



Proposition 8.2. Suppose that for B A («j)o<j<4; «4 = an<i there exists a rational 
solution such that z has a pole of order (n > 2) at t = oo and x, y, w are all holomorphic at 
t = oo. Moreover, assume that x, y, z, w are all holomorphic at t = and ao,o = cto - ct\ 7^ 
and b 0>0 = — ai/(a — cti) ^ 1/2. Then, a 4 = 0, a + a.\ G Z. 

Proof. Since a ,o = «o - «i ^ 0, it follows that a ^ or ai ^ 0. If a 7^ by s and 
Proposition 18.11 we can prove the proposition. 

If Oil 7^ 0, using so in the same way, we can show the proposition. 



Let us treat the case where x,y,z,w are all holomorphic at t = and ao,o 7^ 0, 6q,o = 



Proposition 8.3. Suppose that for B\ (aj)o<j<4, «4 = an<i there exists a rational 
solution such that z has a pole of order (n > 2) at t = oo and x, y, w are all holomorphic at 
t = oo. Moreover, assume that x, y, z, w are all holomorphic at t = and ao,o = oi$— a\ ^ 
and bofi = 1/2. Either of the following then occurs: 

(1) ct 4 = 0, ao + ct\ = 0, 

(2) ct 4 = 0, a + ai + 2a 2 G Z. 

Proof. By Proposition 12. 5[ we can assume that 



□ 



1/2. 



□ 



1/2. 



^0,0 — o>q— (Xl, &o,o — Cq,o 



(q + ai)(ao - ai) 
1 — 2ct 3 — 2a 4 



7^ 0, d ,o 



(1 - 2o 4 )(l - 2a 3 - 2a 4 ) 



2(a + ai)(ao — cti) 



where a 3 + ct 4 7^ 1/2. 
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Suppose that a 2 7^ 0. s 2 (x, y, z, w) is then a rational solution of B\ (o + 0! 2 ,ai + 
a 2 , «3 + ola) such that 82(2) has a pole of order n (n > 2) at £ = 00 and all of 
s 2 (x, y, z, w) are holomorphic at t — 0. Moreover, assume that ao,o = ®o — Qti, &o,o ^1/2. 
Thus, by Proposition 18. 2[ we can obtain the necessary conditions. 

Suppose that 02 = 0. Since oo — «i 7^ 0, it follows that oo 7^ or oi 7^ 0. Let us first 
assume that a 7^ 0. s (x, y, z, w) is then a rational solution of B^\— o , a>i, a 0} o 3 , a 4) 
such that Sq(z) has a pole of order n (n > 2) at t = 00 and all of Sq(x, y, z, w) are 
holomorphic at t — 0. Moreover, assume that ao,o = «o ~ ^0,0 = 1/2- Based on the 
above discussion, we can obtain the necessary conditions. 

If a 2 — and a± 7^ 0, we use si in the same way and can obtain the necessary 
conditions. □ 

8.2 The case where z has a pole of order m > 1 at t = 

Proposition 8.4. Suppose that for B± (ct/)o<j<4, 04 = and there exists a rational 
solution such that z has a pole of order (n > 2) at t = 00 and x, y, w are all holomorphic 
at t = 00. Moreover, assume that z has a pole of order m > 1 at t = 0. One of the 
following then occurs: 

(1) a — a,\ = 0, 04 = 0, 

(2) 2a 3 G Z, a 4 = 0, 

(3) «o + oil G Z, a 4 = 0, 

(4) 2« 3 G Z, a 4 = 0. 

Proof. We may assume that 03 7^ 0. It then follows from Corollaries 11.61 and 12.81 that 
ss(x,y, z,w) is a rational solution of B^\ao,ai,a 2 + 03,— 0:3,04 + 03) such that only 
ss(z) has a pole of order one at t = 00 and all of ss(x, y, z, w) are holomorphic at t — 0. 
Moreover, for S3(x, z, to), a ,o = «o — «i, &o,o = 1/2, ^0,0 = 0. We can now assume that 
Q - «! ^ 0. Thus, by Proposition 17. 7\ we can obtain the necessary conditions. □ 

8.3 The case where y, w have a pole at t = 

Proposition 8.5. //a^ = 0, then for B^\aj)o<j<4, there exists no rational solution such 
that z has a pole of order n (n > 2) at t = 00 and x, y, w are all holomorphic at t = 00 
and y, w have a pole at t = and x, z are both holomorphic at t = 0. 

Proof. This proposition follows from Proposition 12.131 □ 
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9 The standard forms of the parameters for rational 
solutions 



Let us summarize the discussion in Section 7, 8. 

Proposition 9.1. Suppose that for B^\aj)o<j<4, there exists a rational solution. One 
of the following then occurs: 

(1) a Q - a x G Z, 2a 3 + 2a A G Z, 

(2) a - ai G Z, 2a 4 G Z, 

(3) a + «i G Z, 2a 3 + 2a 4 G Z, 

(4) a + aci G Z, 2a 4 G Z, 

(5) a — ct\ G Z, a + «i G Z, 

(6) 2« 3 G Z, 2a 4 G Z. 

Corollary 9.2. Suppose that for B^\aj)o<j<4, there exists a rational solution. By some 
Backlund transformations, the parameters can then be transformed so that cto — «i G 
Z, 2ct 3 + 2a 4 G Z. 

9.1 Shift operators 

Following Sasano [27], we obtain shift operators of the parameters. 
Proposition 9.3. T , 1 ,T 2 ,T 3 and T 4 are defined by 



9.2 Standard forms of the parameters for rational solutions 

Proposition 9.4. Suppose that for 5|^(<x,)o<j< 4 , there exists a rational solution. By 
some Backlund transformations, the parameters can then be transformed so that one of the 
following occurs: (1) a — a.\ = 0, a 3 + a 4 = 0,a 4 ^ 0, (2) a — ai = 0, a 3 + a 4 = 1/2. 
The cases (1) and (2) denote the standard forms I and II, respectively. 

Especially, the parameters can be transformed into the standard form I, if they satisfy 
one of the conditions in our main theorem. 



— S 4 7TiSiS2S 4 S 3 S 4 S 3 S2Si, T 2 — SqTiSq, T 3 — S 2 T 2 S 2 , T 4 — S 3 T 3 S 3 , 



respectively. Then, 



Ti(a , an, a 2 , a 3 , a 4 ) 
T 2 (a , 011, o> 2 , «3, 0:4) 
T 3 (a , "l, "2, 03, "4) 
T 4 (a , ai, a 2 , a 3 , a 4 ) 



(a , «i, a 2 , "3, "4) + (1, -1, 0, 0, 0), 
(a , ai, «2, a 3 , a 4 ) + (-1, -1, 1, 0, 0), 
(a , ai, a 2 , a 3 , a 4 ) + (0, 0, -1, 1, 0), 
(a , ai, a 2 , "3, a A ) + (0, 0, 0, -1, 1). 
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Proof. By Corollary \9.2\ we may assume that cto — cti & Z and 2a 3 + 2a 4 G Z. One of the 
following cases then occurs: 

(1) a — aii = 2a 3 + 2a 4 = mod 2, (2) a — a x = 0, 2a 3 + 2ct 4 = 1 mod 2, 
(3) «o — «i = 1, 2a 3 + 2a 4 = mod 2, (4) «o — «i = 2« 3 + 2a 4 = 1 mod 2. 

If case (1) occurs, using T 2 , T 3 , we have «o — «i = a 3 + a 4 = 0. 
If case (2) occurs, using T 2 , T 3 , we obtain a — «i = 0, a 3 + a 4 = 1/2. 
If case (3) occurs, using T 2 ,T 3 , we have a — «i = 1, a 3 + «4 = 0. Furthermore, by 
7r 2 s 3 Si, we obtain a — «i = 0, a 3 + a 4 = 1/2. 

If case (4) occurs, using T 2 , T 3 , we have ao — ai = a 3 + a 4 = 1, which implies that 

(a , an, d2, oi 3 , a 4 ) = (— ct 2 + 1/2, — a 2 — 1/2, a 2 , a 3 , — a 3 + 1/2). 

By s 2 sis 2 T 3 , we obtain 

(— a 2 + 1/2, — ai 2 - 1/2, a 2 , a 3 , —ai 3 + 1/2) — > (— a 2 , -«2, «2 - 1/2, a 3 + 1/2, -ct 3 + 1/2). 

If a — ai = a 3 + a 4 = 0, by T 4 , we may assume that a — «i = a 3 + a 4 = and 
a 4 7^ 0. 

□ 

If a — ai = and a 3 + a 4 = 0, it follows from Corollary 11.231 that for 5 4 1 ^(o; :) ) < : ,< 4 , 
there exists a unique rational solution which is expressed by 

x = 0, y = 1/2, z = l/{2a 4 } • t, w = 0. 

We have then to only treat the standard form II in order to classify the rational solutions 

of BX \aj)o<j<A- 

10 The standard form II • • • (1) 

10.1 The case where z has a pole of order n (n > 2) at t = oo 

By Corollary II. 7\ we can prove the following proposition: 

Proposition 10.1. Suppose that a® — ai = 0, a 3 + a 4 = 1/2 and for B^\aj)o<j<A, there 
exists a rational solution. Moreover, assume that z has a pole of order n (n > 2) at t = oo 
and x,y,w are all holomorphic at t = oo. One of the following then occurs: 

(1) «o — a i — 0, a 3 = 1/2, ct 4 = 0, 

(2) a = ai = a 2 = a 3 = 0, a 4 = 1/2. 
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10.2 The case where z has a pole of order one at t = oo 

Proposition 10.2. Suppose thatotQ — ai = 0, 0:3 + 04 = 1/2 and for B± (oj)o<j<4, ^ere 
exists a rational solution such that z has a pole of order one at t = 00 and x, y, w are all 
holomorphic at t = 00. One of the following then occurs: 

(1) x, y, z, w are all holomorphic at t = and ao,o = 0, co,o 7^ 0, 

(2) z has a pole at t = and x, y, w are all holomorphic at t = 0, 

(3) y, w both have a pole of order one at t = and x, z are holomorphic at t = 0. 

Proof. If x, y, z, w are all holomorphic at t = 0, it follows from Proposition 12.21 that 
ao,o = 0, because oo — 01 = 0. Moreover, 



10.2.1 The case where x,y,z,w are all holomorphic at t — 

By Proposition I7.1[ we have the following proposition: 

Proposition 10.3. Suppose thata§ — ct\ = 0, 03 + 04 = 1/2 and for B^\aj)o<j<4, there 
exists a rational solution such that z has a pole of order one at t = 00 and x, y, w are 
all holomorphic at t = 00. Moreover, assume that x,y,z,w are all holomorphic at t = 0. 
Then, o — 01 = 0, o 3 + o 4 = 1/2, 2o 4 G Z. 

10.2.2 The case where z has a pole at t = 

Proposition 10.4. Suppose thataQ — ai = 0, 03 + 04 = 1/2 and for (oj)o<j<4, there 
exists a rational solution such that z has a pole of order one at t = 00 and x, y, w are all 
holomorphic at t = 00. Moreover, assume that z has a pole at t = and x,y,w are all 
holomorphic at t = 0. One of the following then occurs: 

(1) Oo = Oi = 02 = 0, 03 + 04 = 1/2, 

(2) o — a 1 = 0, o 3 + o 4 = 1/2, o 4 e Z. 

Proof. We may assume that Oo = 01 7^ and 03 7^ 1/2. Moreover, from Propositions 14.11 
and I4.3[ it follows that h^o — h 0i0 = ot\ — o 4 G Z, which implies that o 3 ^ Z. 

ss(x,y, z, w) is then a rational solution of B^\ao, 01, 02 + 03,-03,1/2) such that 
S3(z) has a pole of order one at t = 00 and all of S3 (a;, y, z, w) are holomorphic at t — 
and a = 0. If 

c o,o 7^ for s 3 (a;, z, w), it follows from Propositions |4JJ and 14^2] 




if c ,o = 0, 
1), if c ,o 7^ 0. 



On the other hand, h, 



j "'00,0 



1/4. Thus, c 0) o 7^ because /i^o — ft-o.o £ Z. 



□ 
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that hoofi — hofi = — 1/4 G Z, which is impossible. Thus, we have ao,o = co,o = for 
s 3 (x,y,z,w). 

Now, let us assume that a 2 + «3 ^ 0. It then follows from Lemmas 17.21 and 17.31 that 
s 3 7T 2(x, V, z, w) is a rational solution of -84(1 — o 3 , — o 3 , o 2 + o 3 , 0) such that s 3 ix 2 (z) 
has a pole of order n {n > 2) at t = 00 and all of s 3 7r 2 (;r, y, z, w) are holomorphic at t — 0. 
Moreover, for s 3 7r 2 (:r, y, z, w), a ,o = 1, &o,o = «3, co,o 7^ 0. Thus, by Proposition 18.21 we 
find that 1 — 2a% G Z, which implies that 04 G Z because 03 + 04 = 1/2 and 03 G" Z. 

Let us treat the case where o 2 + o 3 = 0. s sis 3 (x,y, z,w) is then a rational solution 
of B^\— 00, — di, 2oo, — ^3, 1/2) such that soSi^^) has a pole of order one at t = 00 
and all of Sis s 3 (x, y, z, w) are holomorphic at t — 0. Furthermore, for s sis 3 (x, y, z, w), 
a o,o = c o,o = 0. Thus, by tt 2 , we have o 4 G Z. □ 

10.2.3 The case where y, w both have a pole of order one at t = 

Proposition 10.5. Suppose thata — ai = 0, o 3 + o 4 = 1/2 and for B± (cej)o<j<4, there 
exists a rational solution such that z has a pole of order one at t = 00 and x, y, w are all 
holomorphic att = 00. Moreover, assume that y, w both have a pole of order one att = 
and x, z are both holomorphic at t = 0. Then, Oo — «i = 0, 03 + 04 = 1/2, Oo + «i G Z. 

Proof. We may assume that o 2 + 03 + 04 7^ 0. Moreover, by Proposition 15. 3[ we can 
suppose that x ^ 0. 

7r 2 (a;, z, w) is then a rational solution of £> 4 1 ' ) (2o4 + 03, 03, a 2 , oti, 0) such that tc 2 (z) 
has a pole of order n {n > 2) at t = 00 and all of 7r 2 (x, z, u;) are holomorphic at t — 0. 
Moreover, for 7r 2 (x, z, w), a ,o = 204, 60,0 = 1/2. By Proposition 18.31 we then obtain the 
necessary condition. □ 

10.3 Summary 

Proposition 10.6. Suppose that a — 01 = 0, 03 + 04 = 1/2 and for B { l\aj)o<j<4 : , there 
exists a rational solution. One of the following then occurs: 

(1) o — 01 = 0, 03 + 0:4 = 1/2, 2o 4 G Z, 

(2) o — cti = 0, 03 + 04 = 1/2, o + Oi G Z. 

Corollary 10.7. Suppose that 00 — 01 = 0, 03 + 04 = 1/2 and for B^\aj)o<j<4, there 
exists a rational solution. By some Backlund transformations, the parameters can then be 
transformed so that one of the following occurs: 

(1) o — 04 = 0, 03 + 04 = 0, 04 7^ 0, 

(2) o = 01 = o 2 = 0, o 3 + o 4 = 1/2. 

Especially, the parameters can be transformed into those of the standard form I if they 
satisfy one of the following: 
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(%) «o — a l = 0, Ct3 + «4 = 1/2, 4 g Z, 

^ a — a.\ = 0, a 3 + a 4 = 1/2, o + «i G Z, o + «i = 1 mod2. 

// the above cases do not occur, the parameters can be transformed into those of (2). 

11 Standard forms II- • • (2) 

In this section, we treat the case where a = a\ = o 2 = 0, a 3 + o 4 = 1/2. 

11.1 The case where z has a pole of order n(n > 2) at t = oo 

By Proposition II. 7\ we can first prove the following proposition: 

Proposition 11.1. Suppose that ao = ct\ = «2 = 0, OJ3 + OJ4 = 1/2 and for B^\aj)o<j<A, 
there exists a rational solution such that z has a pole of order n (n > 2) at t = 00 and all 
of x,y,w are holomorphic at t = 00. One of the following then occurs: 

(1) «o = «i = «2 = «3 = 0, OJ4 = 1/2, 

(2) a = «i = a 2 = 0, a 3 = 1/2, ct 4 = 0. 

11.2 The case where z has a pole of order one at t = 00 

In order to treat the case where z has a pole of order one at t = 00, we prove the following 
lemma: 

Lemma 11.2. Suppose that a = ai = a 2 = 0, 0:3 + 0:4 = 1/2 and for B ( i\aj)o<j<4, 
there exists a rational solution such that z has a pole of order one at t = 00 and x, y, w 
are all holomorphic at t = 00. Moreover, assume that all of x,y,w are holomorphic at 
t = 00. One of the following then occurs: 

(1) x, y, z, w are all holomorphic at t = and co.o 7^ 0, 

(2) only z has a pole at t = 0. 

Proof. From Proposition 14. 1[ we find that /lo^o = —1/4. Thus, the lemma follows from 
Propositions SZ2 ECU Ed and I4TT41 

□ 

11.2.1 The case where x,y,z,w are all holomorphic at t — 

By Proposition I7.1[ we obtain the following proposition: 

Proposition 11.3. Suppose that a = ct\ = a 2 = 0, 0:3 + 04 = 1/2 and for i?| 1 ' ) (aj)o<j<4, 
there exists a rational solution such that z has a pole of order one at t = 00 and x, y, w are 
all holomorphic at t = 00. Moreover, assume that x, y, z, w are all holomorphic at t = 
and co,o 7^ 0. Then, «o = ct\ = «2 = 0, 03 + 04 = 1/2, 2o 4 G Z. 
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11.2.2 The case where z has a pole at t = 

Proposition 11.4. Suppose that ao = ct\ = a 2 = 0, a^ + a^ = 1/2 and for -B| 1 ' ) ( a j)o<i<4 ) 
t/iere exists a rational solution such that z has a pole of order one at t = oo and x, y, w 
are all holomorphic at t = oo. Moreover, assume that only z has a pole at t = 0. Then, 
«o = cti = C*2 = 0, «3 + «4 = 1/2, «4 G Z. 

Proof. We may assume that a% ^ 1/2. Moreover, from Propositions 14. II and 14.3} it follows 
that hvofi — /i ,o = ct\ — «4 G Z, which implies that «3 G" Z because «3 + 04 = 1/2. 

S3(x, y, z, u>) is then a rational solution of -B^^O, 0, 0:3, —03, 1/2) such that s^{z) has a 
pole of order one at t = 00 and all of Ss(x, y, z, w) are holomorphic at t = 0. Furthermore, 
for s 3 (x, z, w), a 0j o = 0. If c 0; o 7^ for s 3 (x, y,z, w), it follows from Propositions 14.11 
and 14.21 that hoo,o — ^0,0 = —1/4 G Z, which is impossible. Thus, for Ss(x,y, z,w), 
^o,o = co,o = 0. Therefore, from Lemmas 17.21 and 17.31 we find that S37r 2 (x, y, z, w) is 
a rational solution of B^\l — 0:3, — «3, 03, 0, 0) such that S37r 2 (z) has a pole of order 
n {n > 2) at t = 00 and all of S37r 2 (x, w, 2, w) are holomorphic at i = 0. Moreover, for 
7T2S 3 (x, y, z, w), a ,o = l,&o,o = ^3, which implies that 1 — 2a^ G Z, that is, 04 G Z from 
Proposition 18.21 □ 

11.3 Summary 

Let us summarize the results in this section. 

Proposition 11.5. Suppose that a = a\ = a 2 = 0, 03 + 04 = 1/2 and for B^\aj)o<j<4, 
there exists a rational solution. Then, ao = «i = oi 2 — 0, 03 + 04 = 1/2, 2a 4 G Z. 

Corollary 11.6. Suppose that ao = ct\ = a 2 = 0, 0:3 + 0:4 = 1/2 and for B^\aj)o<j<4, 
i/iere exists a rational solution. By some Backlund transformations, the parameters can 
then be transformed so that one of the following occurs: 

(1) ao — cti = 0, a% + 0:4 = 0, 014 7^ 0, 

(2) «o = Oil = Ol2 = «3 = 0, «4 = 1/2. 

Especially, the parameters can be transformed into the standard form I, if ao = ot\ = 
a 2 = 0, «3 + «4 = 1/2, a 4 G Z. Otherwise, the parameters can be transformed into those 
of case (2). 

12 Standard form II • • (3) 

In this section, we treat the case where a = oti = a 2 = a 3 = 0, a 4 = 1/2. For this 
purpose, let us first prove the following lemma: 
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Lemma 12.1. Suppose that for B\ ^(0, 0, 0, 0, 1/2), there exists a rational solution, z then 
has a pole of order n (n > 2) at t = oo. 

Proof. Suppose that z has a pole of order one at t = oo. By Proposition 14.1 
that /i^o = —1/4. 

On the other hand, by Propositions 14.21 14.31 and 14.41 we find that h Q - 
follows that hoofi — /k>,o = — 1/4 ^ Z, which contradicts Proposition 14. 141 

We can then prove the following proposition: 
Proposition 12.2. For B^(0, 0, 0, 0, 1/2), there exists no rational solution. 

Proof. Suppose that for B± (0, 0, 0, 0, 1/2), there exists a rational solution. By Lemma 
112. 1| we can then assume that z has a pole of order n (n > 2) at t = oo. 

s 4 s 3 (x, y, z, w) is a rational solution of B^(0, 0, 1, —1, 1/2) such that z has a pole of 
order one at t = oo. It then follows that for s^s^lx, y, z, w), = 3/4. On the other 
hand, for s 4 s 3 (a;, y, z, w), h 6 Z. Thus, it follows that h^p — h = 3/4 ^ Z, which 
contradicts Proposition 14.141 

□ 



] we then see 
= 0. Thus, it 
□ 



13 Proof of main theorem 

In this section, we prove the main theorem. 

Proof. Suppose that for B^\aj)o<j<4: there exists a rational solution. From Proposition 
19.4} and Corollaries 110.71 and 111.61 it follows that the parameters can be transformed so 
that one of the following occurs: 

(1) OtQ — Ot\ = 0, «3 + «4 = 0, «4 7^ 0, (2) «o = OL\ = «2 = «3 = 0, «4 = 1/2. 

Especially, from Proposition 19.41 and Corollaries 110 . 71 and 111.61 we see that the parameters 
can be transformed into the standard form I if they satisfy one of the conditions in this 
theorem. Otherwise, the parameters can be transformed into those of (2). 

If a — ai = 0, «3 + a 4 = 0, a 4 7^ 0, then from Corollary 11.231 we observe that for 
B^\aj)o<j<4 there exists a rational solution and x = 0, y = 1/2, z — 1/(20:4} ■ t, w = 
and it is unique. 

From Proposition 112.2] we see that for B^ (0,0, 0,0, 1/2), there exists no rational 
solution. □ 
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A Rational solutions of the Sasano system of type 



D 



(i) 



Following Sasano [28], we introduce the Sasano system of type which is defined by 

tx' = 2x 2 y — x 2 + (a + a>i)x — 2w + t, 
ty' = —2xy 2 + 2xy — («o + Oii)y + ax, 
tz' = 2z 2 w — tz 2 — (1 — a 3 — a^)z + 1 — 2y, 
tw' = —2zw 2 + 2tzw + (1 — a 3 — a^jw + a 3 t, 

«0 + OC\ + 2a 2 + «3 + «4 = 1. 



D 4 ] {ui)o<3<± < 



4 K u j)o<j<4 has the Backlund transformations, s , sx, s 2 , s 3 , s 4 , tti, 7r 2 , 7r 3 , 7r 4 , which 



are given by 



a 



s : (x, y, z, w, t; a , a x , a 2 , a 3 , a 4 ) -)■ x H -, y, z, w, t; -a , «i, «2 + «o, «3, «4 

y - 1 

ax 

Sx ■ fx, y, z, u>, £; ao ; cki, a^, 0:3, 04) — > I a; H , y, z, w, £; ao, —ax, a 2 + ax, a 3 , 04 

y 

s 2 : (x, y, z, w, t; a , ati, a 2 , a 3 , a A ) -> 

a 2 z 



x,y 



xz — 1 ' 



a 2 x 
xz — 1 



, £; a + a 2 , ax + a 2 , —a 2} a 3 + a 2 , a 4 + a 2 



S3 ■ 


(x, y, z, w, t; a , ax, a 2 , a 3 , a A ) 




s 4 : 


fx, y, z, w, t; a , a x , a 2 , a 3 , a A ) 


->• 


7Ti : 


(x, y, z, w, t; a , a x , a 2 , a 3 , a 4 ) 


-> 




(x, y, z, w, t; a , ax, a 2 , a 3 , a 4 ) 


-> 


7T3 : 


(x, y, z, w, t; a , a x , a 2 , a 3 , a 4 ) 


-> 


tt 4 : 


(x, y, z, w, t; a , ax, a 2 , a 3 , a 4 ) 


->• 



03 



a 4 
w — t 



w, £; ao, ai, «2 + a 4; a 3> ~a 4 



t — w x 

, — -, t - ty, t; a 3 , a 4 , a 2 , «o, «i 



£ 



£ 



The Backlund transformation group (so, Sx, s 2 , s 3 , s 4 , 7Ti, 7T2, 7T3, tt 4 ) is isomorphic to 



A.l The properties of the Backlund transformations 

By direct calculation, we obtain the following proposition: 
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Proposition A.l. (0) If y = 1 for D\ (%)o<j<4, then a = 0. 

(1) lfy = for D{ (a.j)o<j<4, then cti = 0. 

(2) If xz = 1 /or D4^(aj)o<j-<4, i/ien a 2 = 0. 

(3) If w = for D^\aj)o<j<4, then a 3 = 0. 

(4) Ifw — t for D^\aj) <j< 4i , then a 4 = 0. 

By Proposition IA.1[ we do not have to consider the infinite solutions of D^\aj)o<j< 4: . 

A. 2 Main theorem for ^4^(«j)o<j<4 

Sasano j2B] proved that ^4 (ct7)o<j<4 is equivalent to B± (aj)o<j<4. 

Proposition A. 2. Suppose that (x,y,z,w) is a solution of (cKj)o<j<4 awe? 

X = x, Y = y, Z = -,W = — {zw + 0:3)2, 

04 — «3 

A = a , M = oci, A 2 = a 2 , A 3 = a 3 , A 4 = . 

(X,Y, Z,W) is then a solution of ^4 (A;)o<j<4- 

Theorem A. 3. Suppose that (aij)o<j<4 has a rational solution. By some Backlund 
transformations, the parameters and solution can then be transformed so that 

Oio — cti = «3 + «4 = 0, and (x, y, z, w) = (0, 1/2, 2a±/t, t/2). 
Moreover, D± (oij)o<j<4< has a rational solution if and only if one of the following occurs: 



(1) 


«o — Oil G Z, 


a3 + a 4 e Z, 


«0 — Oil = O3 + 04 


mod 2 


(2) 


«o — a i G Z, 


03 — «4 G Z, 


«0 ~~ a l = Oi 3 — O4 


mod 2 


(3) 


a + «i ^ Z, 


a 3 + a 4 £ Z, 


Oo + Oil = «3 + 04 


mod 2 


(4) 


«o + ai e Z, 


«3 — «4 G Z, 


tto + Oi = OJ3 — OJ4 


mod 2 


(5) 


OtQ — Cti £ Z, 


a + «i G Z, 


a — Ox ^ a + 


mod 2 


(6) 


03 — 04 g z, 


a 3 + « 4 e Z, 


o 3 — a 4 ^ a 3 + 04 


mod 2 



Remark In Theorem I A. 3 1 we can assume that ax, 0:4 7^ 0. For this purpose, following 
Sasano [28], we define 

'■— ■S3SoS2S4SlS2Vr 4 , T 2 :— S4-Sl<S2-S3 s s 2 7r 4, 

T 3 := s 3 S2SoSiS 2 s 3 7r 1 7r2, T 4 := ^Ss^SiSo^tti^, 
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which implies that 



T^ao, a u a 2 , a 3 , a 4 ) = (a , a x , a 2 , a 3 , a 4 ) + (1,0, -1, 1,0) 
T 2 {a , a x , a 2 , a 3 , a A ) = (a , a x , a 2 , a 3 , "4) + (0, 1, -1, 0, 1), 
T 3 (a , ai, a 2 , a 3 , a 4 ) = (ao, «i, a 2 , a 3 , a 4 ) + (0, 0, 0, 1, -1), 
T 4 (a , ai, a 2 , a 3 , a 4 ) = (a , ai, a 2 , a 3 , a 4 ) + (0, 0, -1, 1, 1 



By T 3 , we may suppose that a 4 7^ 0. By TiT 2 T 4 , we can assume that a\ ^ 0. 

B Rational solutions of the Sasano system of type 



D 



D t\ a i)o<j<i < 



tx' = 2x 2 y — tx 2 — 2a x + 1 — 2x 2 z(zw + a 3 ), 
ty' = —2xy 2 + 2txy + 2a y + ait + 2z{zw + a 3 ){2xy + ai), 
tz' = 2z 2 w - z 2 + (1 - 2a 4 )z + t- 2xz 2 [xy + 
tw' = —2zw 2 + 2zw — (1 — 2a 4 )w + a 3 + 2x[xy + «i)(2zw + a 3 ) 
+ «i + a 2 + a 3 + a 4 = 1/2. 



so ■ {x, y, z, w, t; oc , a u a 2 , a 3 , a 4 ) 
Sx : (x, y, z, w, t; a , a u a 2 , a 3 , a 4 ) 
s 2 : (x, y, z, w, t; a , ai, a 2 , a 3 , a 4 ) 



2a 1 

-x, —y H — — , -z, —w, —t; -a , ai + 2a , a 2 , a 3 , a 4 



a; H , 2/, z, w, t; ao + an, — ati, a 2 + ai, a 3 , a 4 

1/ 

a 2 z a 2 x 
x, y — — 7 , z,w — — -, t; a , ai + a 2 , —a 2 , a 3 + a 2 , a 4 



xz — 1 



XZ — 1 



s 3 : (x, 2, w, t; a , ai, a 2) a 3) a 4 ) — ► ( x, y, z + — , w, t; a , ai, a 2 + a 3 , -a 3 , a 4 + a 3 ) , 
s 4 : (x, y, z, w, t; a , a h a 2 , a 3 , a 4 ) — 



2a 4 t 

x, y,z,w — + — , —t; a , a\, a 2 , a 3 + 2a 4 , — a 4 



: (x, y, z, w, t; a , a u a 2 , a 3 , a 4 ) 



z z 
z y 

— ,tw, tx, —, t; a 4 , a 3 , a 2 , a\, ao 



.t' ' 't 

Remark We correct the definition of s 4 by Sasano [28], which is given by 

2a 4 t 



s 4 : (x,y,z,w,t) 



x,y,z,w 



w z 



+ -,-t). 
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B.l The properties of the Backlund transformations 

Proposition B.l. (0) For Dg (aj)o<j<4, there exists no solution such that x = 0. 

(1) If y = /or ; (aj) <j<4, then a± — or t + 2z(,2w; + a 3 ) = 0. 

(2) If xz = 1 /or (o;j)o<j<4, #ien «2 = 0. 

(3) If w = /or -Dg 2 ^(a!j)o<j<4, t/ien « 3 = or 1 + 2x(xy + «i) = 0. 

(4) For .Dg ( Q! i)o<i<4; there exists no solution such that z = 0. 

By Proposition IB.lt we have to consider the infinite solution such that x = 00, or 
2; = 00. For this purpose, we first treat the case where y = and cti 7^ 0, and the case 
where w = and a 3 7^ 0. 

Proposition B.2. Suppose that y = and ai 7^ /or ( a i)o<i<4- ^ i/ien follows that 
ct 4 7^ and either of the following occurs: 

(1) cto + oti = 0:3 + 0:4 = and 

1 t 

x = , y = 0, z = , w = 0, 

2«i 2«4 

(2) a = 1/2, ai = -1/2 and 

4a 4 (a 3 + 014) t 2a 4 (a 3 + 014) 

x = 1 H , w = 0, z = , u> = . 

t 2a 4 t 

Proposition IB .21 implies that we have to consider the infinite solution such that x = 00. 

Proposition B.3. Suppose that w = and a 3 7^ /or ^5 2 ^(«j)o<j<4- ^ t/ten follows that 
ojo 7^ 0, and either of the following occurs: 

(1) «o + «i = a 3 + 04 = and 

1 t 

x = , y = 0, z = , w = 0, 

2ao 2a 3 

(2) « 3 = -1/2, a 4 = 1/2 and 

x = , y = — 2a («o + z — t + 4«o(«o + oci),w = 0. 

2a 

Proposition E3] implies that we have to consider the infinite solution such that z = 00. 
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B.2 The infinite solution 
B.2.1 The case where x = oo 

In order to determine the solution such that x = oo, following Sasano [2H], we introduce 
the coordinate transformation r\, which is given by 

r\\ x\ = 1/x, yi = — (xy + ai)x, z\ = z, w\ = w. 



Proposition B.4. Suppose that x = oo for 
and either of the following occurs: 
(1) «o = as + ct 4 = 

1 t 

xi = 0, yi = -, zi 



< 4 . It t/ien follows that a 4 7^ 



2a 4 



= 0, 



£/iat is, x = 00, y = 0, z = t/ {2a 4 }, w = 0, 
(2) a = 0, oti = 1/2 and 

1 2a 4 (« 3 + a 4 ) 
= 0, 3/1 = - H , z\ 



2a 4 



Wi 



2a 4 («3 + a 4 ) 



that is, x — 00, y — 0, z — tj {2a 4 }, w = — 2a 4 (a3 + a 4 )t x . 



(2), 



a 



Proof. For D 
(xi, yi, zi, which is given by 



j)o<j 



<4, ri transforms the system of (sc, z, w) into the system of 



* < 



f tx' 1 = 2x\y\ + 2a.\X\ + t + 2a Xi — x\ + 2z\{z\W\ + a 3 ), 
<2/i = -2xi?/ 2 - 2a 2/i + 2xit/i - 2a x y x + a 1( 
tej = 2z\w x - z\ + (1 - 2a 4 )zi + t + 2y x z 2 , 
tw' x = —2z\w\ + 2z\W\ — (1 — 2a 4 )w 4 + a 3 — 2w 1 (2z 1 w 1 + a 3 ). 



Setting x\ = 0, we have 
which implies that 



t + 2z{w x + 2a 3 zi = 0, 



(B.l) 
(B.2) 



1 + Az 1 w 1 z[ + 2zfw[ + 2a 3 z[ = 0. 

From (*), fIB.ll) and (IB.2I) . it then follows that Z\W\ = —a 3 — ct 4 . Thus, considering fIB.ll) 
we find that a 4 ^ and 



Z\ 



2a 4 



w 1 



2a 4 (o;3 + a 4) 



(B-3) 
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Substituting (IB.3j) into 

tz[ = 2z\w x - z\ + (1 - 2a 4 )zi + t + 2y x z\, 

we obtain 

yx = 1 + 2a4(a3 + Q4) . (B.4) 
Moreover, substituting (1B.3j) . ( 1B.4|) and x\ = into 

ft/i = -2xiyl - 2aoZ/i + 2xiyi - 2«i?/i + an, 

we have 

{1 - 2(o + ax ) } 2a 4"3 + « 4 ) _ ao = 0; (a4 0)) 
which proves the proposition. □ 
Remark In both cases of Proposition IB. 41 we can express the solution by 

1 2aJa^ + a>A t 20:4(0:3 + aA 

x x = 0, y x = - H , zx = - — , wx 



2 t 2o 4 ' t 

and 

t 20:4(03 + o 4 ) 

x = 00, y = U, z = , w = . 

2o 4 t 

B.2.2 The case where z = 00 

In order to determine the solution such that z = 00, following Sasano [28], we introduce 
the coordinate transformation r 3 , which is given by 

r 3 : x 3 = x, y 3 = y, z 3 = 1/z, w 3 = -z{zw + o 3 ). 

Proposition B.5. Suppose that z = 00 for Df\ctj)o<j<4- It then follows that a 7^ and 
either of the following occurs: 

(1) o + a i — a 4 — and 

1 t 

X3 = 2/3 = 0, 23 = 0, w 3 = -, 

that is, x = l/{2a }, y = 0, z = 00, w = 0, 

(2) o 3 = 1/2, a 4 = and 

x 3 = ?/3 = -2a (a + «i), 2:3 = 0, w 3 = + 2a (ao + 

that is, x = l/{2a }, y = — 2a (a + ai), z = 00, w = 0. 
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Proof. For D^\aj) <j<4 : , r 3 transforms the system of (x,y,z,w) into the system of 
(xi, yi,zi,wi), which is given by 

( tx' 3 = 2x 2 3 y 3 - tx\ - 2a^x 3 + 1 + 2x\w 3 , 
ty' 3 = -2x 3 y 2 3 + 2tx 3 y 3 + 2a y 3 + a x t - 2w 3 {2x 3 y 3 + a x ), 



* * * < 



tz 3 = 2z\w 3 + 2a 3 z 3 + 1 - (1 - 2aa)z 3 - tz\ + 2x 3 (x 3 y 3 + ai), 
Jw' 3 = — 2z 3 w 3 — 2tz 3 w 3 + (1 — 2a 3 — 2a 4 )w 3 + a 3 t. 



Setting z 3 = 0, we have 
which implies that 



1 + 2x^3 + 2«ia;3 = 0, 



(B.5) 



^x 3 y 3 x' 3 + 2x 2 3 y' 3 + 2a 1 x' 3 = (B.6) 

From (***), (IB. 5|) and (1B.6|) . it then follows that x 3 y 3 = —a — a±. Thus, considering 
(IB. 51) . we find that a ^ and 



x 3 



2<V 



-2a (ao + oil). 



(B.7) 



Substituting (IB.7P into 

/ 2 2 2 

tx 3 = 2x 3 y 3 — tx 3 — 2aoa;3 + 1 + 2x 3 w 3 , 

we obtain 

t . . 

w 3 = - + 2a {a + 

Moreover, substituting ( IB. 71) . (IB. 8 1) and z 3 = into 

tw 3 = — 223W3 — 2te 3 w 3 + (1 — 2« 3 — 2a 4 )u> 3 + a 3 t, 

we have 

— a 4 t + 2ao(ao + ai)(l — 2a 3 — 2a 4 ) = 0, (cto 7^ 0), 
which proves the proposition. 

Remark In both cases of Proposition IB.5I we can express the solution by 
x 3 = y 3 = -2a (a Q + a{), z 3 = 0, w 3 = ^ + 2a (a + at), 



(B.8) 



□ 



and 



x 



2ctc 



y = -2a (a + «i), z = 00, y = 0. 



56 



B.2.3 The case where x = z = oo 

In order to determine the solution such that x = z = oo, we define r 5 = r\r 3 = r 3 r\ by 

r 5 : x 5 = 1/x, y 5 = -(xy + a^x, z 5 = 1/z, w 5 = -(zw + a 3 )z. 
Proposition B.6. Suppose that x = z = oo for D^\aj) <j<4. Then, o = o 4 = and 

X5 = 0, 2/5 = 1/2, z 5 = 0,w 5 = t/2, 
that is, x = oo, y = 0, z = oo, w = 0. 

Proof. For .Dg ( Q; i)o<i<4, r 5 then transforms the system of (x,y,z,w) into the system of 
(%5, V5,z 5 ,w 5 ), which is given by 

'tx' b = 2xjy 5 + -x\ + (2o + 2a 1 )x 5 + t- 2w 5 , 
^ ty' 5 = -2x b yl - (2o + 2oi)y 5 + 2x 5 y n + a u 
tz' 5 = 2z\w h - (1 - 2a 3 - 2a A )z 5 + l-tz%- 2y 5 , 
Jw' 5 = —2z^w\ + (1 — 2o 3 — 2o 4 )-u7 5 + 2tz 5 w 5 + a 3 t. 

Setting x$ = z 5 = in 

tx' 5 = 2x\y<~ > + -x\ + (2o + 2oi)x 5 + t- 2w 5 , 
tz' 5 = 2z\w h - (1 - 2o 3 - 2a^)z h + 1 - tzg - 2y 5 , 

we obtain w 5 = t/2, y 5 = 1/2. 

Substituting y 5 = 1/2, w 5 = t/2 into 

^ 5 = — 2;r 52/I - (2a + 2ai)y 5 + 2x 5 y 5 + o^, 
tu> 5 = — 2z* s w\ + (1 — 2o 3 — 2a 4 )w 5 + 2tz 5 w 5 + o 3 t, 

we have 0:0 = 0:4 = 0. 

□ 

B.3 The Backlund transformations and the infinite solutions 

Proposition B.7. Suppose that D^\aj) <j<4 has an infinite solution such that x = 00. 
The actions of the Backlund transformations are then as follows: 

(0) s (oo, 0, t/ {2o 4 }, —204(03 + 04)t _1 ) = (00, 0, t/{2o4}, —204(03 + 04)t _1 ), 

(1) -(i) ifa^O, 

Si(oO, 0, t/ {2o 4 }, — 204(0 3 +0 4 )t~ 1 ) = (l/{20!}+204(03+04)/{0it}, 0, t/{2o 4 }, — 2o 4 (o3+04)t _1 ), 
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(1) -(ii) i/ai = 0, 

si(oo, 0, tj {2a 4 }, —20:4(0:3 + a^t -1 ) = (00, 0, £/{2o4}, —204(03 + 04)t~ 1 ), 

(2) s 2 (oo, 0, tj {2o 4 }, — 2o 4 (o 3 + o 4 )t _1 ) = (00, 0, t/ {2o 4 }, — 2o 4 (o 2 + o 3 + o 4 )t~ 1 ), 

(3) -(i) z/o 3 + o 4 ^0, 

s 3 (oo, 0, tj {2o 4 }, -2o 4 (o 3 + o 4 )t~ 1 ) = (00, 0, t/ {2(o 3 + o 4 )}, -2o 4 (o 3 + o 4 )t _1 ), 

(3) -(ii) if 03 + 04 = 0, 

S3(oo, 0, t/{2o4}, —204(03 + 04)t _1 ) = (00, 0, 00, 0), 

(4) s 4 (oo, 0, t/{2o 4 }, -2o 4 (o 3 + o 4 )r 1 ) = (00, 0, t/{2(-o 4 )}, -2(-o 4 )(o 3 + o 4 )r 1 ), 

(5) ip(oo, 0, t/{2o 4 }, — 2o 4 (o 3 + o 4 )t~ 1 ) = (l/{2o 4 }, — 2o 4 (o 3 + o 4 ), 00, 0). 

Proposition B.8. Suppose that D^\ctj)o<j<4 has an infinite solution such that z = 00. 
The actions of the Backlund transformations are then as follows: 

(0) s (l/{2a }, -2o (o + 01), 00, 0) = (-l/{2o }, 2o (o + «i), 00, 0), 

(1) -(i) ifa + 01 7^ 0, 

si(l/ {2o }, -2o (o + 01), 00, 0) = (l/{2(o + 01)}, -2o (o + 01), 00, 0), 

(1) -(ii) z/o + oi = 0, 

si(l/ {2o }, -2o (o + 01), 00, 0) = (00, 0, 00, 0), 

(2) s 2 (l/{2o }, -2o (o + 01), oo,0) = (l/{2o }, -2o (o + o x + o 2 ), 00, 0), 

(3) -(i) if o 3 7^0, 

s 3 (l/{2o }, -2o (o +oi), 00, 0) = (l/{2o }, -2o (o +oi), tj {2o 3 }+2oo(oo+oi)/o 3 , 0), 

(3) -(ii) ifa 3 = 0, 

s 3 (l/{2o }, -2o (o + 01), 00, 0) = (1/ {2o }, -2o (o + 01), 00, 0), 

(4) s 4 (l/{2oo},-2oo(o + Oi),oo,0) = (l/{2o }, -2o (o + 01), 00, 0), 

(5) V(V {2«o}, -2o (o + 01), 00, 0) = (00, 0, tj {2o }, -2o (o + oi)^ 1 ). 

Proposition B.9. Suppose that D^\aj)o<j<4 has an infinite solution such that x = z = 
00. The actions of the Backlund transformations are then as follows: 

(0) so(oo, 0, 00, 0) = (00, 0, 00, 0), 

(1) -(i) if ox ^0, 

Si(oo, 0,00,0) = (l/{2oi}, 0,00,0), 
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(1) -(ii) i/ai = 0, 

Si(oo, 0, oo, 0) = (oo, 0, oo, 0), 

(2) s 2 (oo, 0, oo, 0) = (oo, 0, oo, 0), 

(3) -(i) ifa 3 ^0, 

s 3 (oo, 0,oo,0) = (oo,0,t/{2a 3 },0), 

(3) -(ii) z/a 3 = 0, 

53(00, 0, 00, 0) = (00, 0, 00, 0), 

(4) s 4 (oo, 0, 00, 0) = (00, 0, 00, 0), 

(5) 1/1(00, 0, 00, 0) = (00, 0, 00, 0). 

(2) 

B.4 Main theorem for D 5 (ct/)o<?<4 

Sasano (28] proved that -D4 (ct?)o<j<4 is equivalent to -D5 (a^)o<i<4- 

Proposition B.10. Suppose that (x,y,z,w) is a solution of D^\aj)o<j<4, and 

X = — , Y = — (xy + ati)x, Z = -, W = —(zw + a 3 )z, 
X z 

A = , A\ = azi, A 2 = a 2 , A 3 = a 3 , A 4 = - . 

(2) 

(X,Y, Z,W) is then a solution of D\ (A/)o<j<4- 

By Theorem IA.3I and Proposition IB.lOt we obtain the following theorem: 

(2) 

Theorem B.ll. Suppose that for (aj)o<j<^, there exists a rational solution. By some 
Backlund transformations, the parameters and solution can then be transformed so that 

= «3 + 04 = 0, ai, 04 7^ and (2, y, z, w) = (00, 0, tj {20:4}, 0). 

(2) 

Moreover, D\ («j)o<j<4 has a rational solution if and only if one of the following occurs: 



(1) 


2a 


G Z, 




2a 3 + 2a 4 G Z, 


2«o = 2a 3 


+ 2a 4 


mod 2, 


(2) 


2a 


G Z, 




2a 4 G Z, 


2ao = 2an t 




mod 2, 


(3) 


2a 


+ 2«! 


G Z, 


2a 3 + 2ct 4 G Z, 


2a + 2a.\ 


= 2ct 3 + 2a 4 


mod 2, 


(4) 


2a 


+ 2«i 


G Z, 


2a 4 G Z, 


2a + 2«i 


= 2a;4 


mod 2, 


(5) 


2a 


G Z, 




2«i G Z, 


2a x = 1 




mod 2, 


(6) 


2a 3 


G Z, 




2a 4 G Z, 


2a 3 = 1 




mod 2. 
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By Si, we can obtain the following corollary: 

Corollary B.12. Suppose that for D$ (otj)o<j<4:, there exists a rational solution. By 
some Backlund transformations, the parameters and solution can then be transformed so 
that 

«o + Oi\ = ^3 + «4 = 0, «0) «4 7^ and (x, y, z, w) = (l/{2ao}, 0, t/{2a 4 }, 0). 
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